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Abstract. The technique of generating families produces obstructions 
to the existence of embedded Lagrangian cobordisms between Legen- 
drian submanifolds in the symplectizations of 1-jet bundles. In fact, 
generating families may be used to construct a TQFT-like theory that, 
in addition to giving the aforementioned obstructions, yield structural 
information about invariants of Legendrian submanifolds. For example, 
the obstructions devised in this paper show that there is no generat- 
ing family compatible Lagrangian cobordism between the Chekanov- 
Eliashberg Legendrian m(52) knots. Further, the generating family co- 
homology groups of a Legendrian submanifold restrict the topology of a 
Lagrangian filling. Structurally, the generating family cohomology of a 
Legendrian submanifold satisfies a type of Alexander duality that, when 
the Legendrian is nuU-cobordant, can be seen as Poincare duality of the 
associated Lagrangian filling. This duality implies the Arnold Conjec- 
ture for Legendrian submanifolds with linear-at-infinity generating fam- 
ilies. The results are obtained by developing a generating family version 
of wrapped Floer cohomology and establishing long exact sequences that 
arise from viewing the the spaces underlying these cohomology groups 
as mapping cones. 



1. Introduction 

1.1. Motivation and Questions. While the notions of cobordism and 
concordance of submanifolds have been influential in topology since the 
1950s, their introduction into contact and symplectic geometry is more re- 
cent. Arnold made the first steps in his study of geometric optics |3l S] 
by introducing immersed Lagrangian cobordisms between Lagrangian sub- 
manifolds. Over the last two decades, a greater understanding of Legen- 
drian submanifolds — and even the underlying smooth submanifolds — 
was obtained by studying Lagrangian submanifolds of a symplectic man- 
ifold with a contact boundary. Rudolph [37], for example, employed the 
gauge theoretic techniques of Kronheimer and Mrowka [33J to show that the 
Thurston-Bennequin invariant of a Legendrian knot gives a bound on the 
4-ball genus of a knot. More recently, the advent of Eliashberg-Givental- 
Hofer's Symplectic Field Theory framework pi] has shifted attention to the 
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use of Lagrangian cobordisms in the symplectization of a contact manifold 
X to study, via pseudo-holomorphic curves, the geometry and geography 
of Legendrian submanifolds of X, and eventually the underlying smooth 
submanifolds. 

The questions of interest in this paper fall into two families: 

Existence of Obstructions: What are the obstructions to 
one Legendrian submanifold being Lagrangian cobordant to 
another? In particular, what are the obstructions to a Leg- 
endrian submanifold having a Lagrangian filling, i.e., being 
nuU-cobordant? 

These questions were first approached by Chantraine [8]: employing an 
adjunction inequality obtained through gauge theory, he showed that clas- 
sical invariants of Legendrian submanifolds can provide obstructions to the 
existence of cobordisms. One goal of this paper is to strengthen Chantraine's 
results, as well as Golovko's higher dimensional version of Chantraine's work 
[28], using non-classical invariants derived from generating families. 

Reversing the flow of information from cobordism to invariant, we may 
also ask: 

Structure of Invariants: What can a Lagrangian cobor- 
dism tell us about the meaning of Legendrian invariants? 
How can Lagrangian cobordism be used to explain deeper 
structure in the invariants? 

As described more precisely below, the existence of a certain type of La- 
grangian filling will, for example, impose conditions on the generating fam- 
ily invariants of a Legendrian submanifold; furthermore, a duality present 
in these invariants comes from Poincare duality of the Lagrangian filling. 

In this paper, we study embedded Lagrangian cobordisms between Leg- 
endrian submanifolds in the symplectizations of 1-jet bundles, which are 
classical examples of contact manifolds; throughout, we assume that the Leg- 
endrians and the Lagrangian have compatible generating families, as defined 
below in Section [4} Generating families have previously been used to define 
non-classical invariants of certain Legendrian submanifolds of 1-jet bundles 
and Lagrangian submanifolds of cotangent bundles; see [261 E2l US] and Sec- 
tions [3] and [4j below. Not every Legendrian submanifold has a generating 
family, though in J^M at least, the existence of a generating family is equiv- 
alent to the existence of an augmentation of the Chekanov-Eliashberg DGA 
|24l [25] [38] . The condition of a Lagrangian cobordism having a compatible 
generating family is not yet well-understood. There do exist several meth- 
ods for constructing generating family-compatible Lagrangian cobordisms, 
however: Legendrian isotopy, spinning, and, most importantly, attaching 
Lagrangian handles; see [7|. In addition, any Legendrian submanifold with a 
generating family has a (potentially immersed) generating family-compatible 
Lagrangian filling [7j. At this time, it would not be unreasonable to conjec- 
ture that the study of generating family-compatible Lagrangian cobordisms 
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between Legendrian submanifolds is tantamount to the study of zero-Maslov 
Lagrangian cobordisms between Legendrian submanifolds with DGAs ad- 
mitting augmentations. 

There are several reasons to study Lagrangian cobordisms through the 
technique of generating families. The generating family technique, which 
employs classic analysis and Morse-theoretic techniques, is analytically sim- 
pler than holomorphic curve techniques. Further, as mentioned above, re- 
sults of [7J show that generating family-compatible Lagrangian cobordisms 
are plentiful and easily constructed. Given the potential complexity of the 
theory of Lagrangian cobordisms, it seems reasonable to begin its study in 
this more tractable setting. 

It is also interesting to compare results obtained though generating fami- 
lies and holomorphic curves. For a number of results in this paper, there is a 
parallel story to be told for invariants defined through the theory of holomor- 
phic curves, due to Ekholm, Honda, and Kalman [20] , Ekholm |14 1 [T5 l [T6]. 
Golovko [28], the first author [39], and Ekholm, Etnyre, and the first author 
|17j . The holomorphic projects of [20] and |15j were initiated before we began 
this paper and deeply inspired us; the work of Golovko [28] which is based 
on these projects appeared as we were putting this finishing touches on this 
paper. Holomorphic techniques have the advantage that they apply in more 
general settings and to more Legendrian and Lagrangian submanifolds. At 
the time of this writing, however, a number of the holomorphic curve based 
results are at the stage in which the shape of the theory is known in detail, 
and there is a fairly complete sketch of the difficult analysis required; see 
especially [H]. Generating family techniques can be seen as a way to more 
easily establish some results in standard settings and potentially provide 
intuition for phenomena that may occur in a more general setting. 

1.2. Main Results. Let M be a compact manifold (or M"), and denote by 
J^M its 1-jet space. Let L be an embedded Lagrangian submanifold in the 
symplectization M x J^M that is cylindrical over Legendrian submanifolds 
A-t of J^M outside a compact interval of M; we denote such a cobordism by 
A_ ■<-^ A_|_. We assume that, in a sense to be described precisely in Section |4| 
the cobordism L Qhas a generic slicewise-linear-at-infinity generating family 
F that is compatible with the generic linear-at-infinity generating families 
f± for K± at the ends; we refer to such a cobordism as a gf-compatible 
Lagrangian cobordism and denote it by (A_, /_) -<(l p) (A+, /+). The order 
is important: as we shall see below, Lagrangian cobordism is not a symmetric 
relation. 

The relative (resp. total) generating family cohomology groups GH*{f) 
(resp. GH*{f)) for a linear-at-infinity generating family / of a Legendrian 
submanifold A C J^M are defined to be the relative cohomology groups of 
pairs of sublevels sets of a difference function associated to /. This idea has 
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been explored in [261 EH US]; see Section [3] for details. While the generating 
family cohomology may depend on the specific generating family /, the set 
of all cohomology groups for all linear-at-infinity generating families for a 
Legendrian submanifold A is an invariant of the isotopy class of A. The set 
of generating families of a fixed Legendrian submanifold may be simplified 
using a notion of equivalence to be defined in Section [2| the generating 
family cohomologies all descend to equivalence classes. 

The key idea in this paper is that introducing Lagrangian cobordisms 
into the theory of generating family cohomology gives rise to a TQFT-like 
structure. In the following theorem, we let L denote the compact portion of 
L, noting that the boundary of L is A_ U A+. 

Theorem 1.1. If{A^,f^) -<(j^p^ (^+)/+) and L is orientahle, then there 

exists a homomorphism 'i'p : GH^{f-) — >■ GH''{f^) that fits into the fol- 
lowing long exact sequence: 

(1.1) ^GH''{f.)^GH'^{U) ^H'^+\L,A+) • • . 



In this and all theorems below, the hypothesis of orientability may be 
dropped if Z2 coefficients are used. The cobordism map satisfies some 
of the typical properties of a TQFT such as non-triviality, naturality, and 
functoriality; see Section [9j The existence of a cobordism map in the holo- 
morphic curved based theory of Legendrian contact homology setting is ex- 
plored in |14| I20] , and the existence of a long exact sequence involving the 
cobordism map is examined in [28] . 



Taking Euler characteristics of the long exact sequence ( 1.1 ) yields a gen- 
eralization of Chantraine's 3-dimensional result about the relationships be- 
tween the Thurston-Bennequin invariants of the Legendrian knots at the 
ends of a Lagrangian cobordism [8] as well as of Golovko's generalization 



Corollary 1.2. //(A_,/_) -<(^xf) (^+>/+)' ^ orientahle, and the n- 
dimensional Legendrians A± C J^W^ are generic, then 

th{k+)-th{k.) = (-l)i(-'-3");t(L,A+). 

The asymmetry of the Lagrangian cobordism relation is evident from this 
corollary. If we only consider cobordisms that are actually concordances, 
then we get: 

Corollary 1.3. //(A_,/_) -<(7;f) (^+'/+)? and L is orientahle and diffeo- 
morphic to M x A, then '^p is an isomorphism. 



Example 1.4. There is no gf-compatible Lagrangian cobordism between the 
Chekanov-Eliashberg Legendrian m(52) knots Ki and K2 pictured in Fig- 
ure [T] in either order. To see this, first notice that by using the established 
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Figure 1. Front projections of the Chekanov-Eliashberg ex- 
amples Ki and i^2- 



connection between the existence of a ruling and the existence of a generat- 
ing family \10\ [26] , it is easy to see that Ki and K2 have linear-at-infinity 
generating families. Moreover, using Fuchs and Rutherford's connection 
between generating family homology and linearized Legendrian contact ho- 
mology [26], it is straightforward to compute that, for any linear-at-infinity 
generating families fi of Ki, the Poincare polynomials of the generating 
family cohomologies with coefficients in Z2 are given by: 

(1.2) Pf^{t) = 2 + t and Pf.,{t) = + t + t'^ . 

Thus, Ki and K2 are not Legendrian isotopic. Since their Thurston-Bennequin 
invariants agree. Corollary 11.2| implies that a gf-compatible cobordism be- 



tween them would necessarily be a concordance, but Corollary 1.3 forbids 
this. 



Additional examples are given in Theorem 1.7 

If we restrict to the case where A_ = 0, i.e. to when A+ has a Lagrangian 
filling, then Theorem |1.1| yields a strong restriction on the topology of the 
filling. In fact, we show that both the relative and total generating family 
cohomology detect the topology of the filling: 



Theorem 1.5. //(A_,/_) -<(j_^) (A+,/+), then 



GH^{f+) ~ H''+\L,A+) and GH^iU) ~ H^+^L). 

The geometric framework for a parallel result involving the holomorphic- 
curve-based Legendrian contact homology appears in [15] . 



Example 1.6. Returning to the m(52) knots of Example 1.4 we see that for 
any generating family, the knot K2 cannot have a compatible Lagrangian 
filling. Further, any gf-compatible Lagrangian filling for Ki must be home- 
omorphic to a punctured torus. In [7], it is shown that such a punctured 
torus filling for Ki indeed exists. 



Theorems 1.1 and 1.5 arise from a study of an adaptation of wrapped 



Floer homology — as introduced by Abbondondolo and Schwarz [T] and 
developed further by Fukaya, Seidel and Smith [27j and by Abouzaid and 
Seidel [2] — to the generating family setting. The relative (resp. total) 
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wrapped generating family cohomology WGH*{F) (resp. WGH* (F)) 
of a Lagrangian cobordism (A_,/_) ^(Xp^ (^+;/+) is defined as the rela- 
tive cohomology of a pair of sublevel sets of a "sheared" difference function 
associated to F. This cohomology has a cochain complex with generators 
that can be identified with the self-intersections of L and the Reeb chords of 
the Legendrians at the ends; see Section |4j The proofs of the aforementioned 
theorems have similar outlines: the spaces underlying the relative and total 
wrapped generating family cohomology can be viewed as mapping cones and 
thus give rise to long exact sequences. In fact, the total wrapped generating 
family cohomology vanishes, and thus the corresponding long exact sequence 



gives rise to the isomorphism in Theorem 1.5 These proofs have parallels 
to the work of Ekholm |15j for Legendrian contact homology and Bourgeois 
and Oancea [6] for closed contact homology. 

The theorems above can be applied to analyze the following examples: 
Legendrian negative twist knots in M'^, which have recently been classified 
by Etnyre, Ng, and Vertesi, |22j : the higher dimensional non-isotopic Legen- 
drians studied by Ekholm, Etnyre, and Sullivan in [TS]; and the Legendrian 
knot studied by Melvin and Shrestha |34j which has augmentations that 
lead to different linearized contact homologies. 

Theorem 1.7. (1) For all n > 1, each of the n Legendrian representa- 
tives of the odd, negative twist knot K^2n-i with maximal Thurston- 
Bennequin invariant, as described in Figure^ has a linear- at- infinity 
generating family, hut none have a gf-compatible Lagrangian filling. 
Moreover, there is no gf-compatible Lagrangian cobordism between 
any two of these Legendrian versions of K^2n-i- 

(2) The smoothly equivalent but non-Legendrian-isotopic surfaces Aq and 
Ai pictured in Figure have linear- at-infinity generating families 
and the same classical invariants but are not gf-compatibly Lagrangian 
cobordant. Furthermore, Ai does not have a gf-compatible Lagrangian 
filling. 

(3) The Legendrian m(82i) knot shown in Figure [To| has two linear-at- 
infinity generating families fo and fi that do not have a gf-compatible 
Lagrangian cobordism compatible with the pair {/o,/i} at the ends. 

Similar arguments produce examples of topologically equivalent Legen- 
drian negative, even twist knots that are not gf-compatibly Lagrangian 
cobordant and examples of higher dimensional Legendrians with the same 
classical invariants that are not gf-compatibly Lagrangian cobordant; see 
Section fTOl 



1.3. Interactions with Duality. Given the isomorphisms in Theorem 1.5 
and the fact that the Lagrangian fillings will satisfy Poincare duality, one 
sees that, for Legendrians that are null-cobordant, there is a duality in the 
generating family cohomology groups. It is natural to ask whether there 
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Figure 2. Aq is the Legendrian with the "flying saucer" 
front projection shown in the upper left portion of this di- 
agram; Ai is constructed by squeezing the front of Aq into 
a dumbbell shape and then doing a helical rotation of the 
connecting tube so that that dumbbell ends are overlapping. 

is generating family duality for more general Legendrians and whether this 
duality for Legendrians which are nuU-cobordant can be geometrically in- 
terpreted as Poincare duality. 

There is a well-developed theory of duality for the holomorphic curved 
based linearized contact homology of a horizontally-displaceable Legendrian 
submanifold in dimensions three [39] and higher [T7]; here, horizontally dis- 
placeable means that the Lagrangian projection of the Legendrian subman- 
ifold is Hamiltonian displaceable. In dimension three, the duality says that 
there is an isomorphism between the linearized contact homology groups 
in degrees it/c when k ^ 1; when k = 1, the isomorphism is offset by the 
presence of a fundamental class of index 1. In higher dimensions, the dual- 
ity statement takes the form of a long exact sequence showing that up to a 
fixed "error term" , which depends only on the topology of the n-dimensional 
Legendrian submanifold, there is an isomorphism between /c-dimensional ho- 
mology classes and {—k + {n — l))-dimensional cohomology classes. Fuchs 
and Rutherford [26] showed that in the isomorphism between generating 
family and linearized contact homology groups, the three-dimensional dual- 
ity for the linearized contact homology corresponds to a version of Alexander 
duality for the generating family homology. The following theorem refines 
their statement of duality and generalizes it to higher dimensions in parallel 
to the results of [17J. 

Theorem 1.8. If A is an Legendrian submanifold of J^M with linear-at- 
infinity generating family f, then there is a long exact sequence: 

• • • ^ GH^-\f) -t GHn-kif) H'^W ^ • • • 

Remark 1.9. Having a linear- at-infinity generating family and being horizon- 
tally displaceable are not equivalent conditions on a Legendrian submanifold. 
For example, it is straightforward to construct a linear-at-infinity generating 
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Figure 3. The Legendrian submanifold of J S represented 
by this front diagram has a Hnear-at-infinity generating fam- 
ily, but is not horizontally displaceable. 



family for the Legendrian knot K in J^S^ pictured in Figure [sj however, 
this knot is not horizontally-displaceable. To see why, suppose for the sake 
of contradiction that K were, indeed, horizontally-displaceable. Then there 
exists a Hamiltonian displaceable neighborhood U of the Lagrangian pro- 
jection of K in T*S^. It it easy to draw a section of T*S^ inside U, so our 
assumption would imply that a section of T*S^ is Hamiltonian displaceable, 



which is a impossible. Thus, Theorem 1.8 above and Corollary 1.10 below 



capture different Legendrian submanifolds than does the theory of |17|. 

The Arnold conjecture for Legendrian submanifolds, which states that 
the number of Reeb chords of a generic Legendrian submanifold A C J^M" 
with respect to the standard contact form is bounded from below by half 
the sum of the Betti numbers of A, was proven for horizontally displaceable 
Legendrian submanifolds with linearizable contact homology in |19) and re- 



fined in [T7]. Analogously, Theorem 1.8 easily leads to a refined version of 



the Arnold Conjecture for Legendrian submanifolds with linear-at-infinity 
generating families: 

Corollary 1.10. Letrj(A) denote the number of Reeb chords of A of Conley- 
Zehnder index i. If A is a generic, n- dimensional Legendrian submanifold 
of J^M with linear-at-infinity generating family f, then: 

ri{A) + rn-i{A) > 6i(A;F) 

for < i <n, where 6j(A;F) is the i^^ Betti number of K over a field F. 

Results from Theorems 11.51 and 11.81 can be combined to obtain a rela- 



tionship between the "Alexander duality" map (j) in Theorem 1.8 and the 
Poincare duality map for a Lagrangian filling L. 

Theorem 1.11. Suppose (0,/_) ^(Li?) and L is orientable. Then 

the following diagram commutes, where the bottom sequence comes from 



Theorem 1.8. the top sequence comes from the long exact sequence of the 



pair (L, A+) and Poincare- Lefschetz duality, and the vertical maps arise 
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from Theorem\1.5 



GH^-\f)-^GHn-k{f) 



Ekholm discusses a parallel statement for Legendrian contact homology 
in [15]. 



1.4. Open Questions. The results above open a number of questions for 
future research. 

(1) Every Lagrangian cobordism of M x J^M with a generating family 
will be an exact Lagrangian with Maslov index 0. When does an 
exact, Maslov 0, Lagrangian cobordism of Mx J^M have a generating 
family? 

(2) More specifically, through augmentations and rulings, we have al- 
gebraic and combinatorial ways to detect the existence of a tame 
generating family for a Legendrian knot in M^. Are there algebraic 
and/or combinatorial ways to detect the existence of a tame gener- 
ating family for a higher dimensional Legendrian or for a Lagrangian 
cobordism in M x J^Ml 

(3) It can be easily shown that a Legendrian with a tame generating 
family always has an immersed Lagrangian filling with a tame, com- 
patible generating family. What are obstructions to removing double 
points of a given index? 

(4) It is known that a Lagrangian filling will minimize the smooth 4-ball 
genus. Does an exact, Maslov 0, Lagrangian cobordism between two 
Legendrian knots minimize the smooth 4-genus of such a cobordism? 

1.5. Plan of the Paper. In the next section, we will briefly review some 
background on the theory of generating families. In Sections [3] and [4j we 
give precise definitions and prove basic properties for various flavors of gen- 
erating family (co) homology groups for Legendrian submanifolds of 1-jet 
bundles and Lagrangian cobordisms in the symplectization. Section [5] lays 
out the technical tools necessary to prove our main theorems. These the- 
orems are then proved in the next four sections: we examine the special 
case of Lagrangian fillings in Section [6) discuss duality in Section [7j prove 
the main theorems about the cobordism map and its associated long exact 
sequence in Section [Sj and finally study the TQFT-like properties of the 
cobordism map in Section |9j In Section [Toj we end by giving additional 
examples of Legendrian submanifolds that are not Lagrangian cobordant, 
and pose some open questions. 

Acknowledgements. The work in this paper was launched in response 
to a conjecture of Paul Seidel that predicted a holomorphic analogue of 



Theorem 1.5 based on preliminary results of Ekholm, Honda, and Kalman; 
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we are also indebted to Ekholm, Honda, and Kalman's pioneering work. 
We thank Mohammed Abouzaid, Frederic Bourgeois, Baptiste Chantraine, 
Roman Golovko, Paul Melvin, and Dan Rutherford for several stimulating 
discussions. Finally, we thank the participants in the Thematic Week on 
Generating Families during the Special Trimester on Contact and Symplectic 
Topology at the Universite de Nantes for their feedback on the material 
contained in this paper. 

2. Generating Family Background 

In this section, we discuss the background necessary for working with 
generating families for Lagrangian and Legendrian submanifolds. The germ 
of the idea comes from the following simple observation: given a function 
/ : i? — )• M, the graph of df in T*B is a Lagrangian submanifold and 
the 1-jet of / is a Legendrian submanifold of J^B. Generating families 
extend this construction to "non-graphical" Lagrangians and Legendrians 
by expanding the domain to, for example, the trivial vector bundle B x 
for some potentially large A^. We will denote the fiber coordinates by r/ = 
(t/1, . . . , r/Ar). What follows are bare-bones definitions so as to set notation; 
see [m mi ST] for more details. 

Suppose that we have a smooth function f : B^ x — )- M such that 
is a regular value of the map 0^/ : B x — )• M^. We define the fiber 
critical set of / to be the 6-dimensional submanifold = (9,j/)~^(0). 
Define immersions (9j : Sj — t- T*B and : — t- J^B in local coordinates 
by: 

df{x,r]) = {x,dxf{x,r])), 
jf{x,v) = {x,dxf{x,ri),f{x,r])). 

The image L of df is an immersed Lagrangian submanifold, while the image 
A of jf is an immersed Legendrian submanifold. We say that / generates 
L and A, or that / is a generating family (of functions) for L and A. 

Two functions fi : B x ]R^» — ^ M, i = 0, 1, are equivalent (denoted 
fo ~ /i) if they can be made equal after the operations fiber-preserving 
diffeomorphism and stabilization, which are defined as follows: 

(1) Given a function / : B x ^ M, let Q : ^ M be a non- 
degenerate quadratic function. Define f (B Q : B x M.^ x M.^ — > R 
by / © Q{x, r], 7]') = f{x, 7]) + Q{ri'). Then / © Q is a (dimension K) 
stabilization of /. 

(2) Given a function / : 5 x ^ M, suppose $ : S x ^ B x 

is a fiber-preserving diffeomorphism, i.e., ^{x^rj) = (x, </)^(r/)) for 
a smooth family of diffeomorphisms (px- Then / o <I> is said to be 
obtained from / by a fiber-preserving diffeomorphism. 

Given a function /, denote by [/] its equivalence class with respect to these 
two operations. 
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It is easy to see that if f : B x — ?• M is a generating family for a 
Lagrangian (Legendrian) L (A), then any /' G [/] wih also be a generating 
family for L (A). While a Lagrangian or Legendrian submanifold with a 
generating family will always have an infinite number of generating families, 
the set of equivalence classes may be more tractable. 

Remark 2.1. When dealing with generating families for Lagrangians, it is 
also common to include the addition of a constant in the notion of equiva- 
lence. Our definition of equivalence comes from the fact that the Lagrangians 
we consider will be "cylindrical" over Legendrians. 

In the next two sections, we will define invariants of Legendrian and La- 
grangian submanifolds by applying Morse-theoretic constructions to "dif- 
ference functions" associated to generating families. The following three 
Morse-theoretic lemmas will be essential in defining and working with the 
invariants. In order to apply these three lemmas, we will often work in 
the setting where our generating families are tame, meaning "linear-at- 



infinity" as defined in Definition 3.7 or "slicewise-linear-at-infinity" as de- 



fined in Definition 4.3 Equivalence and tameness of generating families will 
imply equivalence and tameness of the associated difference functions. 

The first Morse-theoretic lemma tells us that the relative cohomology and 
homology of sublevel sets of a function remain unchanged under equivalence, 
perhaps up to a shift in degree. 

Lemma 2.2. If go ~ gi, then there exists q G Z so that for all a < b, the 
relative (co)homologies of the pairs of sublevel sets (^ojffo) ^'^c^ (fl'ijfl'i) o;re 
isomorphic up to a shift in degree by q. 

A proof of this statement can be found in \iO\ Lemma 4.7]. In fact, if the 
gi differ only by a fiber-preserving diffeomorphism, then there is no shift in 
degree. If go differs from gi by a stabilization, however, the shift is precisely 
the index of the quadratic Q. 

The second Morse-theoretic lemma is an extension of the key deformation 
lemma in Morse theory to some functions with non-closed domains. 

Lemma 2.3. If there is an integrable, gradient-like vector field for g : B x 
—7- M that is bounded away from on the set g~^[a, b], then the sublevel 
set g"' is a deformation retract of the sublevel set g^. 

The proof of this lemma is a straightforward extension of the usual key 
lemma where the domain of g is closed; see, for example, [35]. The main idea 
is that since the vector field is integrable and bounded away from 0, the flow 
of the normalized vector fleld is defined and will give a deformation of one 
sublevel set to another. The final Morse-theoretic lemma will prove useful 
in proving invariance and independence properties in subsequent sections. 

Lemma 2.4 (Critical Non-Crossing; cf., [IS]). If a continuous 1-parameter 
family of functions gs ■ B x — )• M, s G [0,1], and continuous paths 
a, (3 : [0, 1] — )• M, with a{s) < /3{s), satisfy: 
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There exists e > so that, for all s, there exists an integrahle, 
gradient-like vector field Xg for Qs which is hounded away 
from on 

(2.1) g-^ {[a{s) - e, a{s) + e] U [/3(s) - e, /3(s) + e]) , 

then {gQ^^\ gQ^^^) is homotopy equivalent to ((?f^^\ *'^^). 

Proof. It suffices to show that, for all t € [0, 1], there exists a neighborhood 

U(t) of t so that, for all s G U{t), {gs^^\ g'^^^'') is homotopy equivalent to 

{9t^^\ Qt^^'')- Choose e as in the hypotheses, and choose a neighborhood U{t) 
of t so that, for s G U{t): 

(1) ll^s — (7t lloo < e by the continuity of the path gg, 

(2) |/3(t) - /3(s)| < e, and \a{t) - a{s)\ < e. 
By (1), we have the inclusions 



Applying Lemma 2.3 with the vector field X^, we see that (fiif ,gt^^^ is 



a deformation retract of {g^^^\ g"^^^). Similarly, we see that (^f''*^ ''^g't^^^ 
is a deformation retract of (fff fl'"^*'*''''^), and thus also of {gs^^\ gs^*^)- 



On the other hand, by (2), Equation |2.1[ and Lemma 2.3, we see that 



{gs^^\ g"^^^) is homotopy equivalent to {gs^^\ gs^^'^)- Thus {gs^'^\ gf^^'') is 
homotopy equivalent to {g^^^\ g^^^^) for all s G f/(t), as desired. □ 

3. Generating Family Cohomology Groups for Legendrian 

submanifolds 

In this section, we use sublevel sets of a "difference function" associated to 
a generating family to define the generating family (co)homology invariants 
of Legendrian submanifolds; see also \26 \ [321 , H6]. 

3.1. Basic Definitions and Properties. Suppose that / : M xR^ Mis 
a generating family for a Legendrian A C J^M. The difference function, 

(5 : M X X ^ M, is defined to be: 

(3.1) 5{x,r],fi) = f{x,fi) - f{x,ri). 

The reason to work with the difference function is that its critical points 
capture information about the Reeb chords of A (with respect to the 
standard contact form), which in this context are vertical segments 7 : 
[a, b] —7- J^M whose endpoints lie on A. Note that Reeb chords are in 
one-to-one correspondence with double points of the projection of A to an 
immersed Lagrangian submanifold of T*M. Let £(7) > be the length of 
the Reeb chord 7, and let i (resp. i) denote the maximum (resp. minimum) 
length of all Reeb chords of A. 

Proposition 3.1 (\26\ I40j). The critical points of the difference function 5 
are of two types: 
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(1) For each Reeb chords of A, there are two critical points {x,rj,fj) and 
{x,fj,r]) of 6 with nonzero critical values ±^(7). 

(2) The set 

{{x,r],r]) : (x,r/) G S/} 
is a critical submanifold of S with critical value 0. 

For generic f, these critical points and submanifolds are non-degenerate, 
and the critical submanifold has index N. 

We may calculate the Morse index of the non-degenerate critical points 
using the Conley-Zehnder index of the associated Reeb chord, as defined 
in |18j . Given a Reeb chord 7, let be a "capping path" in A from the 
top of the Reeb chord to the bottom. The Lagrangian projections of the 
tangents to A along the capping path induce a path of Lagrangian subspaces 
C-y{t). We create a path from C^(l) to C^(0) as in [18]: choose a complex 
structure / on M^ri g^ch that /C^(l) = C^(0) and let A^(t) = e^^C-y{l). The 
loop C-y * will be denoted by C-y, and the Conley-Zehnder index CZ{'y) 
is defined to be the Maslov index ^{C-y). 

Proposition 3.2. Given a non- degenerate critical point {xo,riQ,fjo) of 6 and 
its corresponding Reeb chord 7, we have: 

Ind(^o,^,,^;„) d^6 = CZ{-f) + N. 

Proof. On one hand, after a fiber-preserving diffeomorphism, we may assume 
that in neighborhoods of (xo,??o) and (xo,%), the generating family / has 
the form 

f{x,7]) = a{x) + b{r]) and 
f{x,fi) = a{x) + b{fi). 

It follows that: 

(3.2) Ind(a;^ jjg) d'^5 = Inda;(,((i^a — d^a) -|- Indf^^ d^b — Ind,,;, d^b + N. 

On the other hand, we may use the Conley-Zehnder index of the path 
Cy relative to the vertical Lagrangian V = {0} x M", as defined in ^36j, to 
compute CZ(7). We compute using the definitions above and [IHl Lemma 
3.4]: 



CZ(7) = ^l{Cy) = fliCy, V) + fi{\y, V) 

= fi{Cy,V) -\-lndxo{d^a - d^a). 



To compute fJ.{Cy, V) in terms of the generating family /, we let H = 1 
{0} and appeal to |45| Theorem B.5] (after an overall sign correction): 

, . l^iCy, H) = Ind(^Q,^^,) d^f - Ind(^„^^„) d^f 

V / o o o "* o 

= Ind^o d d — Ind^^Q d a-\- IndjjQ d b — IndjjQ d b. 
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It remains to understand the difference fj,{C'y,V) — /j.^C^y,!!). By [36t 
Theorem 3.5], this difference is independent of the path (with fixed end- 
points) and is, in fact, equal to the difference 

(3.5) /i(L,C^(0))-/i(L,C7^(l)), 

where L is a clockwise rotation from H to V. By a similar argument to that 



in [IHl Lemma 3.4], the difference in (3.5) is equal to Ind^o d a — Ind^o d a 



Thus, combining Equations (3.2), (3.3), (3.4), and the correction between 



V and H calculated above, we obtain the desired index computation. □ 

Given the geometric importance of the critical points of 6 and the philos- 
ophy of Morse theory, it is natural to study sublevel sets of 6. Choose e and 
u so that 

(3.6) < e < i<I <uj. 

Definition 3.3. The total (resp. relative) generating family coho- 
mology GH*[f) (resp. GH*{f)) of the generating family / is defined to 
be: 

GH^{f) = H''+^+\6'^, 6-') and GH''{f) = H''+^+\6'^, 6'). 

Remark 3.4. (1) There are also analogous definitions of the total gen- 
erating family homology, GHk{f), and relative generating 
family homology, GHk{f), using the same degree shift as above. 

(2) Caveat lector: the generating family homology in [26] (and hence 
all comparisons to Legendrian contact homology) coincides with the 
relative generating family homology in this paper. 

(3) We may think of the relative and total generating family cohomology 
as the total generating family cohomology taken relative to an ex- 



panded set. This, along with the statement of Theorem 1.5, explains 
our naming convention. 

There is a simple relationship between the total and relative generating 
family cohomologies: 

Proposition 3.5. Let A" he an orientable, Legendrian submanifold of J^M 
with linear- at-infinity generating family f. There is a long exact sequence: 

> H^{K) GH'^if) ^ GH^f) ^ H''+^{A) ^ .... 

If the groups are calculated with Z2 coefficients, the result holds without the 
orientability condition on the Legendrian. 



Proof. Fix e and u> satisfying (3.6). From the triple {6'^,6'^,6 '^), we obtain 
the long exact sequence: 

When A is orientable or when Z2 coefficients are used, standard construc- 
tions in Morse-Bott theory and the Thom isomorphism imply that H^~^^ {5'', 6^'^) 
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H^{A). The proposition now follows from the definitions of total and relative 
generating family cohomology. □ 

The generating family (co)homology descends to equivalence classes of 
generating families: 

Lemma 3.6. If fo ~ fi, thenGH*{fo) ~ GH*{fi) andGH*{fo) ^ GH*{fo). 

Proof. It is easy to verify that if /o ~ /i, then their associated difference 
functions 60 and <5i will also be equivalent. Moreover, if /o and /i differ 
by a dimension K stabilization, then 5o and 5i will differ by an index K 
stabilization. The lemma now follows immediately from Lemma |2.2[ □ 

This lemma partially justifies the shift in index in the definition of gen- 
erating family (co)homology; choosing to shift by + 1 rather than N 
produces an isomorphism with linearized contact homology [26j. 

We next show that, under some "tameness" conditions on the generating 
family, the generating family (co)homology does not depend on the choices 
of e and uj. Since / is defined on the non-compact space M x M'^, its behavior 
outside a compact set must be sufficiently well-behaved in order to apply the 
Morse-theoretic lemmas enumerated in the previous section. An important 
class of such generating families satisfies the following condition: 

Definition 3.7. A function g : M X ^ M is linear-at-infinity if g can 

be written as 

9{x,r]) = g^ix.r]) + Air]), 
where g'^ has compact support and ^ is a non-zero linear function. 

This convention is particularly convenient for producing compact Legen- 
drians when M = M", as seen in \2Q\ I32| . There are two problems with the 
definition of linear-at-infinity: first, it is not preserved under stabilization. 
Second, it is easy to check that if / is linear-at-infinity, then the associated 
difference function 5 is no longer linear-at-infinity. All is not lost, however, 
as the following lemmas show: 

Lemma 3.8. /// is the stabilization of a linear-at-infinity generating family, 
then f is equivalent to a linear-at-infinity generating family. 

Proof. Let / : M x R-^' x R^-^ M be the stabihzation of a linear 
at infinity generating family. Thus we can assume that there is a non- 
zero linear function A : — )• M and a non-degenerate quadratic func- 
tion Q : R^-^ M so that outside a compact set of M x x M^"^, 
f{x,£,r]) = A{£) + Q{ri). Furthermore, after applying a fiber-preserving dif- 
feomorphism of M (the product of a linear transformation of 

R^ and the identity transformation of M^~^), we can assume that outside 
a compact set, f{x,£,r]) = Ai{i) Q{r]) with Ai{e) = Ai{ii, ...,£k) = h- 
To complete the proof, it suffices to show that the linear-quadratic function 
g{(., rf) = Ai{t)-\-Q{rf) is equivalent to the linear function Ai. Namely, we will 
construct a diffeomorphism $ of R^ X R^-^ so that Ai o r/) = g{i, ry). 
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Notice that there are no critical points of and with respect to the 
standard metric on X R^--^, each gradient trajectory of g will intersect 
the hyperplane {£i = 0} transversally at precisely one point. Suppose that 
{ii,i2, ■ ■ ■ , ^Ki f]) (Oj ^2; ■ • • , (-K-iV') ^'I's on the same gradient trajectory 
of g, and g{li,l2, ■ ■ ■ ,Ikt''i) — ^- Consider the diffeomorphism $ of x 
^N-K gjygj^ |-,y $(^-,^^£2, . . . , (-K, v) = (^) h, - ■ ■ Ak, f]')'^ this diffeomorphism 
is constructed by appropriate time flows along the gradient trajectories of g 
and Ai. By construction, Ai o ^{£,7]) = g{i,r]), as desired. □ 

Lemma 3.9 ([26]). If f is linear- at-infinity, then the associated difference 
function 6 is equivalent to a linear- at-infinity function. 

Corollary 3.10. If f : M xR^ ^ R is a linear- at-infinity generating family 
for the Legendrian A, then the isomorphism classes of GH* {f) and GII*(f) 
are independent of the choice of e and oo. 



Proof. If / is linear-at-infinity, then by Lemma 3.9, we may assume that the 



associated difference function is linear-at-infinity as well. Independence from 



the choice of e and oj now follows from Proposition 3.1 and Lemma |2.3[ □ 



Remark 3.11. In fact, we can say something stronger: not only are H*[5^''\ 5''°] 
and H*{5^^,6''^) isomorphic for different choices of uji and e^, but because 
the isomorphisms come from following the negative gradient flow of (5, we 
can even identify the underlying chain complexes. 



The results of Proposition 3.1 led us to consider the levels ite and u) in 
the definition of generating family cohomology. Other combinations of levels 
are also natural to examine, but these do not lead to new invariants. 

Lemma 3.12. For sufficiently large oj, the pair [S^^d''^) is acyclic. 

Proof. By Lemma |3.9[ we may assume that 5 is linear-at-infinity, i.e. that 
we may write 5{x,r],fi) = 6'^{x,T],fj) + A(r],fi) for a compactly supported 
function 5^ and non-zero linear function A. Define a 1-parameter family of 
functions 5s by 5s{x, r], fj) = s5^{x, r/, ry) + A(r/, ff). Denoting the support of 5^ 



by U , take oj greater than ||(5|c/||oo- Applying Lemma 2.4 to 5s, the constant 
paths a{s) = -co and f3{s) = u, and the gradient field X = \75 for some 
choice of metric on M x M^^, we see that the pair {5'^,5~'^) is homotopy 
equivalent to {A^ , A~'^), which is obviously acyclic. □ 

Corollary 3.13. If f : M x R^ ^ R is a linear-at-infinity generating 
family for the Legendrian submanifold A C J^{M), then for e,uj satisfying 



Inequalities (3.6), we have: 

Hk+N{5\5-^)^GHk{f), and 

Hu+N {5-\5-^)^GHk{f), 

for all degrees k. 

Proof. The corollary follows from Lemma [3.12| and the long exact sequences 
of the triples {5'^,5%5-'^) and (5'^, 5"% 5"'^). □ 
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3.2. Invariance. Given a Legendrian submanifold A C J^M, let: 

J^'™(A) = {/ : / is a linear-at-infinity generating family for A}. 

On the level of equivalence, we will be interested in equivalence classes of 
generating families that contain linear-at-infinity representatives. 

When A is a Legendrian unknot in the standard contact with maximal 
Thurston-Bennequin invariant, all elements of J^^'"(A) are equivalent; see 
[^j^ In general, the set J^'™(A) is not well understood, though see ^T0[ [26} 
[30j for some recent progress. 

To form an invariant of a Legendrian submanifold A with a generating 
family, it is important to know that the existence of a linear-at-infinity 
generating family persists under Legendrian isotopy. A proof of the following 
proposition can be given using Chekanov's "composition formula" [9]; see, 
for example, |32] and Section [9} 

Proposition 3.14 (Persistence of Legendrian Generating Families). Sup- 
pose M is compact. Fort G [0, 1], let At C J^M be an isotopy of Legendrian 
submanifolds. If Aq has a linear-at-infinity generating family f, then there 
exists a smooth path of generating families ft'.Mx — )• M for At so that 
/o is a stabilization of f and ft = /o outside a compact set. 

Remark 3.15. We will often be considering generating families for compact 
Legendrians in J^(M"). The above persistence will still apply since these 
Legendrians can be thought of as living in J^5", and the linear-at-infinity 
condition allows the generating families to be defined on 5" x M^. 

Corollary 3.16. If A C J^M is a Legendrian submanifold and Kt is a con- 
tact isotopy of J^M , then for every f G F^^'°'{K) there exists ft S 
and an isomorphism : GH*{[ft]) — ^ GH*{[f]). 

The isomorphisms (kj.)"^ are constructed by applying the Critical Non- 



Crossing Lemma 2.4 to the difference functions 5^. 

In general, since it many not be the case that all elements in J^'™(A) are 
equivalent, the generating family homology of a linear-at-infinity generat- 
ing family /, is not itself an invariant of the generated Legendrian A. By 



Lemma 2.4, however, we do have: 



Proposition 3.17 (|321 146j). For a compact Legendrian submanifold A C 
J^M, the set of all generating family cohomology groups 

gn^A) = {GH\[f]) : /G^""(A)}, 

is invariant under Legendrian isotopy. 



^In [32|, the focus was on generating families that are linear-quadratic-at-infinity. 
Lemma |3.8| however, can be used to show that hnear-quadratic-at-infinity functions are 
equivalent to linear-at-infinity ones. 
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3.3. Additivity. Generating family cohomology not only produces an in- 
variant of Legendrian submanifolds, but also behaves well under disjoint 
union; see [13] for a similar phenomenon. The technical conditions involve 
the "support" of a linear-at-infinity generating function. We say that two 
linear-at-infinity generating families /i, /2 have disjoint supports if, possibly 
after stabilizing to match the domains, the functions /| : M x ™^ ^ ™ 



have disjoint supports (see Definition 3.7). If two linear-at-infinity generat 



ing families have disjoint supports, we may assume that, up to equivalence, 
they agree with the same linear function A outside a compact set. 

Definition 3.18. The sum of two linear-at-infinity generating fami- 
lies with disjoint supports is the linear-at-infinity function: 



/1 + /2 



/i , on the support of fi 
/2, on the support of /2 
A, otherwise. 



We may extend the ideas of disjoint supports and sums to pairs of equiv- 
alence classes if there are (linear-at-infinity) representatives of each equiva- 
lence class with disjoint supports. Using these notions, we may specify the 
behavior of generating family cohomology for a disjoint union of Legendri- 
ans: 

Proposition 3.19. Suppose Ai,A2 are Legendrian submanifolds of J^M 
so that 7rj\/(Ai) n vta/ (A2) = 0, where ttm '■ J^M — M is the projection. 
For every fi G T^™{Ki), i = 1,2, [fi] and [f2] have disjoint supports and 
/i + /2 e -F""(Ai U A2) satisfies 

GH\[fr + /2]) ^ GH\[f,]) e GH\{f2]). 

Proof. By the hypothesis on the projections of Ai and A2, /i and /2 can 
be made to have disjoint supports. The result now follows from choosing 
linear-at-infinity representatives with disjoint support and applying a Mayer- 
Vietoris argument; see [13] for a similar argument. □ 

Remark 3.20. The usual axiom for a TQFT is multiplicativity rather than 
additivity; that is, the vector spaces associated to the components of disjoint 
union should be combined using a tensor product rather than a direct sum. 
The fact that we obtain a direct sum is not completely surprising, however, if 
we think of the generating family homology as the linear term in a differential 
graded algebra, a structure that is well-known in the pseudo-holomorphic 
world of linearized contact homology; see [12 | 121 ^ 131]. What we are detecting 
is that the linear part of the tensor product of two tensor algebras is a direct 
sum of the respective linear parts. 

4. Generating Families for Lagrangian Gobordisms 



We now shift our attention from individual Legendrian submanifolds to 
Lagrangian cobordisms between Legendrian submanifolds. We will extend 
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the technique of generating famihes to this new setting, eventually using 
them to define a TQFT-like structure on the generating family cohomology. 

4.1. Lagrangian Cobordisms and Compatible Generating Families. 

A Legendrian submanifold A C J^M gives rise to a Lagrangian cylinder 
= M X A in the symplectization M x J^M. 

Definition 4.1. A Lagrangian cobordism of M x J^M betw^een two 
Legendrian submanifolds A_,A4_ C J^M, is an embedded Lagrangian 
submanifold L C M x J^M so that, for some s_ < S4., L agrees with the 
cylinder Z\_ for s < S- and L agrees with the cylinder for s > s+; 
such a cobordism will be denoted by A_ -<j^ A+, 

To study Lagrangian cobordisms using generating families, we identify 
R X J^M with T*(M+ x M) by the symplectomorphism 

e -.Rx J^M T*(R+ X M) 
(4.1) ^ ' 

{s,x,y,z) ^ (e^x,2;,e''y). 

Given a Lagrangian cobordism of M x J^M, we refer to its image C = 9{L) 
as a Lagrangian cobordism in T*(]R+ x M). We relabel the values e^^ 
by t±. 

For a Lagrangian cobordism A_ -<-^ A_|_, we will be interested in the 
situation where 6(1) = Z C r*(M+ x M) and A± C J^M have "compatible" 
generating families. 

Definition 4.2. Let /± : M x ^ M and F : (R+ x M) x ^ M 
be functions. The triple of functions {F, f^, fj^) is compatible if for some 
t_ < i+, we have 



F{t,x,ri) 



tf-ix,r]), t<t^ 
Jf+{x,r]), t>t+. 

Moreover, a gf-compatible Lagrangian cobordism consists of a La- 
grangian cobordism A_ -<-^ A_|- together with compatible triple of gen- 
erating families {F,f^,f^) for, respectively, 9{L) = C C T*(M+ x M), 
A_, A_|- C J^M. A gf-compatible Lagrangian cobordism will be denoted by: 

(A_,/_) ^(^_^) (A+,/+). 

The notion of compatibility descends to the level of equivalence classes of 
functions, so long as we require the fiber-preserving diffeomorphisms to be 
independent of t outside of 

As described in Section [3j it is useful to impose some "nice" behavior on 
the generating families f± outside a compact set. The behavior of F outside 
of prevents F from being linear outside a compact set. Instead, we 

will impose the following condition: 

Definition 4.3. A function F : {R+ x M) x ^ M is sUcewise-linear- 

at-infinity if for each t G M+, there exists a non-zero linear function At : 
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M SO that F{t,x,r]) = At{rj) outside a compact set of M x . A 
triple of compatible functions {F, /-,/+) is tame if F is slicewise-linear-at- 
infinity and f± are linear-at-infinity. 

4.2. Wrapped Generating Family Cohomology. The Lagrangian Floer 
cohomology groups of a pair of closed Lagrangian submanifolds and in 
a symplectic manifold {W, to) has a cochain complex generated by elements 
of L° n L\ [23l|. To generalize to Lagrangians C M+ x J^M, i = 0, 1, 
that are compact and have boundaries consisting of Legendrian components 
Aj_ C {s±} X J^M, we use the notion of wrapped Floer homology; see 
[H [21 [27]. Wrapped Floer homology uses a chain complex generated by 
the intersections between compact pieces of two Lagrangian submanifolds 
and the Reeb chords between the Legendrian ends A!|_ . When the compact 

Lagrangians are extended to Lagrangians with cylindrical ends, then the 
Reeb chords of interest correspond to intersections between L and the image 
of L under an appropriately defined Hamiltonian diffeomorphism. 

In the following, we will define wrapped cohomology using the theory of 
generating families for Lagrangians £0 = £i C r*(M+ X M); the definitions 
may easily be extended to the case where ^ C^. 

We begin by specifying the Hamiltonian functions that will be used to 
convert Reeb chords of Legendrian submanifolds at the boundary to inter- 
sections of Lagrangians. 

Definition 4.4. Given A_ -<j^ A+, for C = 9(1), the set Ti (C) of Hamil- 
tonian shearing functions consists of decreasing, smooth functions H : 



M+ — )• M that depend on a choice of t± from Definition 4.1 and additional 
parameters r± and u±, where U- < t- < tj^ < uj^. The functions H must 
satisfy H" {t) > on (0,t_] and H" {t) < on [t+,oo) with 

H{t)=l{), 

y-±{t-t+f, t>u+; 
see Figure |4j The parameters must satisfy the following technical conditions: 

(1) r+ is chosen to be sufficiently large so that r+ > 

(2) r_ is chosen to be sufficiently large so that 



f f f ] 

2 >max|2t_^_,t_£+-^,3M+ + ^|; 

(3) u± are chosen sufficiently close to t± so that — t±| < 
As a consequence of these choices, we have the following inequalities: 

4 . I± 



(4.2) — < r± < 



t± 2\u± — 1±\ 
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H{t) 






Figure 4. A schematic picture of H and H'(t) for G 



For H ^ Ti (£) , the quadratic growth condition guarantees that the as- 
sociated Hamiltonian vector field Xh will be integrable. If (j)^ denotes the 
time-1 flow of this vector field and F generates C, then it is easy to verify 
that F(t,x,7]) + H(t) generates (j)\j{C). It is also straightforward to check 
that T-L{C) is path connected. 

In parallel to the definition of the difference function 6 in the previous 
section, a shearing function H £ Ti (£) may be used to define the sheared 
difference function A : M+ x M x x M^' ^ M is: 

(4.3) A(t, X, T], fj) = F{t, X, fi) + H{t) - F{t, x, t]). 

Notice that when t < t-, the sheared difference function satisfies the identity 

A{t, X, rj, fj) = t6^{x, rj, fj) + H{t), 

where 5^ is the difference function of /_. A similar statement holds when 
t > U. 



In parallel to Proposition 3.1, the critical points of A detect information 
about the intersection points of C and (j)]j{C): 



Proposition 4.5. Let (A_,/_) ^ 



iC,F) 



(A+,/-f 



There is a one-to-one 



correspondence between intersection points in Cn (p^j (£) and critical points 
of A. Moreover, there is a one-to-one correspondence between Reeb chords 
7± of A± and points in Cn (p^j (£) H {t £ (0, U (ti+,oo)}; the critical 
value of the point corresponding to the Reeb chord j± is: 

t±l{l±) ± ^ {i{l±)f > 0. 

All other critical points lie in the critical submanifold 

C = {{t, x,r],r]) : {t,x,rj) £ T,p with t £ [t-,t-^-]} . 

The critical submanifold is diffeomorphic to C = Cr\{t £ and has 

value 0; for generic F , the submanifold C is non- degenerate of index N . 
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Proof. A straightforward calculation shows that critical points of A corre- 
spond to points in £ n (pj^ (£) . By construction of H, we see that criti- 
cal points of A with t G [t_ , t+] correspond to self-intersection points of 
£n{i G Since C is embedded, every critical point with t £ 

has critical value 0. 
For t <t-, we have: 

C = {{t,xo,zo,tyo) : (xq, yo, ^o) G A_ }, 

(f)]l{Z) = {{t,xi,zi+H'{t),tyi) : (xi, yi, zi) G A_}. 

On this region, H'(t) < and so the intersection points of these two La- 
grangians occur when there is a Reeb chord 7_ of A_ with ^(7_) = —H'{t). 
The special form of F and H when t < U- then implies that critical points 



occur when t = t- — ^ , and Inequality (|4.2|) implies that t < u-. The 



Inequalities (4.2) also imply that such t values are positive, and hence the 
critical points of A capture all of the Reeb chords of A_ . The critical value 
is then a simple calculation, with its positivity following once again from 
Inequalities (4.2). 

The arguments for t > t+ are similar (and, in fact, slightly easier). □ 
The following lemma is essentially a 1-parameter version Lemma |3.9[ 



Lemma 4.6. //(A_,/_) ^(Zf) (A+i/+); then for any H £ T-L (£), the as- 
sociated compatible triple {A, 6-, 6+) is equivalent to a tame triple of func- 
tions. 

We are now ready to define generating family cohomology groups for 
Lagrangian cobordisms. 

Definition 4.7. Let (A_,/_) -<(c,f) Foi H e n (£), choose Q 

and /i so that 

(4.4) 

r_t2 f 

>n> max< t±£+ ± — ^,2t_£_,3t 

2 2r± 




0<fi<mm{ t±l^ ± -^\ui - ti\,t.l_, ^fi, -^{u+ - t+) 



The total (resp. relative) wrapped generating family cohomology 

of F, WGH^{F) (resp. WGH^{F)), are defined to be: 

WGH^{F) = H^+^ (A^, A^^) and WGH^{F) = H^+^ (A^, A'^) . 



As shown in Proposition 4.5, all critical values of A lie in [— /u, il], and all 
critical values of A arising from the Reeb chords of the ends lie in [/U, 17]; the 
other restrictions on and ^ will be useful later in this section and when 
examining the pairs (A^, A^^) in Section [5] and beyond. 
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We have not included H, or fj, in the notation for the total and relative 
wrapped generating families cohomologies since, as we will show below, they 



are independent of these choices. The Critical Non-Crossing Lemma 2.4 
will play a key role in these proofs, so it will be necessary to work with the 
sheared difference function over the compact base [v- , v+] x M rather than 
M_i- X M We begin by introducing some convenient notation and two lemmas 



that will allow us to apply the Critical Non-Crossing Lemma 2.4 
For J = [to) ^i] C M4_, we use the shorthand 

= ^l{{i,x,r),jy);teJ}i 

A'j = A" n {t e J} = {{t, x,r],fj) : te J, A{t, X, r], fj) < a} . 
Notice that if J C oo), then we have: 

(4.5) A} = |(t,x,??,77) : teJ, 6+{x,ri,fi)<^{a-H{t)) 

a similar fact holds for J C (0,t_]. The function jici — H{t)) is sufficiently 
important that we assign to it the name Xa{t). 

Lemma 4.8. For constants a < t < ^ " ; there exist v± G M+ so that: 

(4.6) H*{A\An ^ H* (a[,_^,^], Af,_^,^] 

Proof. The points v± will be constructed in the region where A = t5±+H{t). 
First notice that if a < „ ~ , then the following limits hold for the quantity 



in Equation (4.5 ): 



(4.7) limAa(t) = — oo and lim \a{t) = oo. 

t— >0 t—^oo 

Let c_ denote the minimum critical value of 5^, and let c+ denote the 
maximum critical value of 5+. Choose v- < t- so that Ar(t) < c_ for all 
t < V-, and choose v+ > t+ so that Ao-(t) > 0+ for all t > v+. Note that there 
are no critical values of S- in [Xcr{t), Ar(t)] for all t E (0, v-], and similarly at 



the positive end. Equation 4.6 now follows from a Mayer- Vietoris argument: 
for a sufficiently small e, split the domain into U = (u- — e, f + + e) x M x M^" 
andy= [{0,v. + e)U{v+-e)]xMxR^^. The pair (A-o^^__^^), A- ^^_^^)) is 
acyclic since we may follow the slicewise negative gradient flow of 6^ on each 
|t| X M X to retract AL , n down to A7„ , ^. A similar argument 
applies at the positive end and on the overlaps, so the desired isomorphism 
follows. □ 

Lemma 4.9. For the values v± in the previous lemma, if t' < t < 

and there are no critical values of A|[^_^^^] in [t',t], then AJ^ is a 

deformation retract of AJ^ . 

Proof. The claimed deformation retract will follow from Lemma |2.3| if we 
can construct an integrable, gradient-like vector field X on [v- , u+] x M xM.^ 
for A|j^_ which is bounded away from on (A|[„_ ([t',t]). 
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X{t,x,r],fi) 



Fix a metric on [v- , v+] x M x and let X be the vector field 

grad A(t,x,ry,f/), t G 

/9(t) ((^_ + H'{t)) dt + t grad 6^, t < 
^p{t){6+ + H'{t))dt + tgTad6+, t>t+, 

where p{t) : U — )• [0, 1] is a smooth function with p{t±) = 1 

and p~^{0} = {fit}- It is clear that X is a gradient-like vector field for 
when t G When t <t-, 

{X, grad A) = p{t) 

The quantity {X, grad A) vanishes only when either (t, x, rj, fj) is a critical 
point of A or when t = v^, and grad(5_(a;, ??, ry) = 0. Neither of these 
two cases can occur on (A||^_}) [t',t] by construction of v-. A similar 
argument works for t > t+. 

By construction, X is parallel to the boundary of [-(;_, v+J x M x M.^ , 
and hence the tameness of (A,(5_,(5+) (see Lemma 4.6) implies that X is 



[6- + H'{t)f + t'^\\ grad 5- 



> 0. 



integrable. Furthermore, if r' < r < ^~ and there are no critical values of 
^[v-,v+] in then X is bounded away from on (A|[„_ ^ ([t',t]). 



Thus, by Lemma 



2.3 



Af 



is a deformation retract of AT 



[V- ,v+\ 



□ 



We will be particularly interested in Lemma 4.8 where r = and a = it/i, 



where and p, satisfy Inequalities (4.4). In this case, we want to choose 

< t- and v-i 



V- < t- and v+ > f+ so that 
(4.8) Xnit)<-I- yt<v-, 



and A±/i(t) > ^+ Vt > 



Corollary 4.10. Given (A_,/_) -<(£^i7) (A+,/+), choose H G ■H(£). -For 
and ^ satisfying Inequalities (4-4) and v± satisfying Inequalities {4-8), we 
have 



WGH\F) ^ H^+^ [aI_^^^^ 



and 



WGH^{F) ~ H 



k+N 



A^ 



,Ar^ 



With these preliminary constructions established, we are ready to prove 
the independence of the wrapped generating family cohomology from the 
choices of fi, /x, and H. 

Proposition 4.11. Given (A_,/_) (^+i/+); isomorphism types 

ofWGH^{F) and WGH'^{F) do not depend on the choice of H , 17, or p. 

Proof. Since 'H{C) is path connected, we may choose continuous paths Hg 
in 'H{C), ils, and ps with s G [0, 1] joining any two triples of choices of H, 
il, and p that all satisfy the appropriate inequalities. Let A^ be the path of 
associated sheared difference functions. Choose v± that satisfy the Inequali- 



ties (4.8) for all s G [0, 1]. After applying a fiber-preserving diffeomorphism. 
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we can assume that when t G [v- , w +] , the sheared difference functions may 
be written as 

(4.9) A,(t, X, 7], fj) = A^(t, X, r], fj) + ^t(r/, ??) + H^it), 

where A'^{t,x,r],fj) is compactly supported and, for each t, At{rj,fj) is a 
non-zero linear function. 

We finish the proof by applying the Critical Non- Crossing Lemma |2.4[ 
Since we can assume that (A^, 6-, 6+) is tame and that and ±/x(s) are 
always regular values of Ag, to apply Lemma 2.4 it suffices to construct an 
appropriate gradient-like vector field Xs on [v- , v+] x M x for A 



this vector field may be constructed exactly as in Lemma 4.9 □ 



Though it was simple enough to simultaneously prove that both the rel- 
ative and total wrapped generating family cohomologies do not depend on 
the choices involved in their definitions, it only matters for the relative case, 
as we have: 

Proposition 4.12. The total wrapped generating family cohomology van- 
ishes. 



Proof. Using notation as in Equation ( |4.9[ ), consider 

A,(t, X, r?, ??) = (1 - s)A^(t, X, 7], f]) + At{r], f,) + H{t) 

for t in some compact interval J. Choose paths and fi{s) so that 
Oq = 0, //q = and all critical values of A^ lie in [—fis^^s]- Notice 
that Ai{t, X, rj, fj) = At{r], fj) + H{t), and hence has no critical values. If we 
can show that there exists J = [v-, w+] with v± satisfying Inequalities (4.8), 
and an integrable, gradient-like vector field Xg for A^ on t;^] x M xMr^ , 
then Corollary 4.10 and the Critical Non-Crossing Lemma 2.4 imply: 

c.H'^^ [{A,)\il^_^^,iA^)-f_]^^^^ 
= 0. 

To construct appropriate v±, notice that when t < t- or t > we have: 
A{t, X, ri, fj) = tSl {x, ri, fj) + tD±{j^, fj) + H{t). 

Consider 

{S±)s = {l-s)6lix,i],fi) + D±{rj,f,). 

Let (c+)g be greater than all critical values of (5+)s, and let (c^)^ be less 
than all critical values of ((J-)s. Then choose v± so that for all s G [0, 1], 

AQ,(f-) < {c_)s and A_^^(w+) > {c+)s. 

It follows that if A{v±, x,r],fj) £ [—fj,s,0,s], then {x,r],fj) is not a critical 
point of ((^±)s- The construction of the integrable, gradient-li ke v ector field 
Xs for As on [v-, x M x is as in the proof of Lemma 4.9, □ 
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Although the total wrapped generating family cohomology vanishes, the 



relative version can be non-trivial. In fact, we will show in Proposition 8.2 
that WGH''+\F) ~ H^{C,dC+). 

5. Relative Mapping Cones 

In Sections |6] and [8j we will show that the pair of spaces used to define 
the total and relative wrapped generating family cohomology can be viewed 
as objects akin to mapping cones. In this section, we develop the theory of 
relative mapping cones. 

5.1. Long Exact Sequences from Mapping Cones. The key idea be- 
hind the desired constructions is the use of a relative version of the well- 
known mapping cone construction. Let / denote the unit interval [0,1]. 
Recall that the cone of a space X, C(X), is defined to be X x I /X x {1}. 
Given a map f : X , the mapping cone C(/) is defined to be C{X)UfY , 
where indicates an identification of (x,0) with f{x). 

Definition 5.1. Given a pair {X,A), define the relative cone C{X,A) to 
be the pair (Xx/, ^x/UXx {1}). For a map g : {X,A) {Y,B), let the 
relative mapping cone C{g) be the pair C{X,A) Ug {Y,B). 

We may similarly define the relative suspension A) to be the pair 
{X X I,Ax lU X X {0,1}). 

The following lemma, whose proof is an easy exercise, shows that the 
(co) homology of relative suspensions behaves in the same way as it does for 
the non-relative case: 

Lemma 5.2. H^{T.{X,A)) ~ H''-'^{X,A). 

It is well-known that the classical mapping cone on f : X ^ Y induces a 
long exact sequence: 

> H^{Y) ^ H^{X) ^ H''+\C{f)) ^ H''+\Y) ^ . . . . 

A similar sequence exists for a relative mapping cone: 

Lemma 5.3. Given a map g : {X,A) — t- (Y,B), there is a long exact se- 
quence in cohomology: 

>H''{Y,B)^ H^{X,A) ^ H''+^{C{g)) ^ H^+^{Y,B) ^ • •• . 

Proof. The desired result follows by examining the long exact sequence of 
the triple 

{X xI[JgY,{A X lux X {l])[JgY,{A X lux X {l})Ug B). 

By excision, the cohomology groups of the last pair in the triple agree with 
those of {Y,B), the coholomogy groups of the pair made from the first 
and last terms are the cohomology groups of C{g), and the first pair is a 



suspension of {X, A) and thus Lemma 5.2 applies. □ 
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5.2. Morse-Theoretic Lemmas to Realize Relative Mapping Cones. 

In Sections[6]and[8], we prove that pairs of sublevel sets of A may be identified 
with relative mapping cones. The lemmas developed in this section will play 
a critical role in this identification. 

We begin by setting notation. Let J = [toi^i] be a closed interval. Given 
continuous functions a, 6 : J — )• M, we define the following subsets of J x X: 

At = {t]x5<'\ Aj = [_\At, 

(5.1) 

teJ 

We will be interested in finding homotopy equivalences of the pair {Bj, Aj) 
under different conditions on the functions a and b. The reason for consider- 
ing such a setup is that the pairs (A"^, A"^) have this form at the ends of M+ 
for the difference functions 6± and the levels b{t) = Xr{t) and a{t) = Xo-{t). 

First, we analyze the pair {Bj,Aj) in terms of the sublevel sets on the 
right side of J. 

Lemma 5.4. Let (5 : X — t- M be a continuous function and let a,b : J — t- M 
be continuous functions satisfying: 

(1) a{t) < b{t) for all t £ J, and 

(2) a and b are strictly increasing. 

Then (Bj,Aj) deformation retracts to (Aj L) Bf^^, Aj). 

Proof. We define a retraction p-^ : Bj — t- Aj U Btj^ as follows: 

\t,x), d{x)<a{t) 
{a-^{5{x)),x), a{t) < 6{x) < a{ti) 
^{ti,x), d{x) > a{ti). 

See the left side of Figure [5] To see this map as the end map of a deformation 
retraction, simply follow the fiow of the horizontal vector field dt for ever 
shorter time intervals; this flow lies inside Bj since b{t) is increasing. □ 



p+{t,x) 



Corollary 5.5. Under the hypotheses of Lemma 5.4: {Bj,Aj) deformation 
retracts to [Bt^ , At^ ) 

Proof. Consider the retraction c7+ : A jUBt^ (Bt^ , At^ ) given by (T+ (t, x) = 
(ti,x). Since a is increasing, can be seen as the end map of a deformation 
retraction. Composing and a+ gives the desired deformation retraction. 

□ 

Next, we seek to understand {Bj,Aj) in terms of the sublevel sets of 5 
at the left side of J: 

Lemma 5.6. Let 6 : X ^ M. be a smooth function whose negative gradi- 
ent flow exists for all time, and let a,b : J — )• M be continuous functions 
satisfying: 
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Figure 5. Schematic diagrams for the maps in the proofs of 
Lemmas 15.41 and 15. 6[ 



(1) b{t) = b{to) for all t; 

(2) a{t) is strictly increasing, and a{ti) = b^to); 

(3) a(to) has a neighborhood of regular values of 5. 
Then {Bj,Aj) deformation retracts to the relative cone 

Proof. Choose e > so that a(to) + e < b{to) and so that there are no critical 
values of 6 in [a{to),a{to) + e]. Let a{t) be a function that strictly increases 
from a(to) to a(to) + e over J, and satisfies a{t) < a{t) for all t > to- Define 
a map a : Bj — )• Bj that is equal to the map /3+(x,f) from the proof of 
Lemma |5.4| on Aj (with a taking the place of b and a taking the place of 
a), is equal to the identity when 5[x) > a{t) + e, and interpolates between 
these two extremes in the t direction for a{t) < 6{x) < a{t) + e; see the 
right side of Figure [5| As in the proof of Lemma |5.4[ this map is homotopic 
to the identity. To finish the proof, the negative gradient flow of 6 defines 
a map that takes {a{Bj),a{Aj)) to (j x (5^(*o), J x U {ti} x = 
C ((5^(*o),(5"(*o)), as desired. □ 

In practice, we will often need to expand and/or retract {Bj,Aj) by 



deforming [Bt,At) for t ^ J before we can apply Lemmas |5.4| and 5.6, We 
capture this maneuver in the following definition: 

Definition 5.7. Pairs (Bj,Aj) and {Bj,Aj) are fiberwise homotopy 

equivalent if there exists a homotopy equivalence H : {Bj, Aj) — )• {Bj, Aj) 
that, for all t £ J, restricts to a homotopy equivalence Ht : {Bt,At) — 
{Bt,At). 

Lemma 5.8. Assume 6 : X ^ M is a function whose gradient flow exists 
for all time. Given continuous functions a,d,b,b : J — t- M with a{t) < b(t 



and d{t) < b{t) for all t, let Aj,Aj,Bj,Bj be as defined in Equation 5.1 
If for all t £ J, there exist no critical values of 6 between a{t) and a{t) and 
between b{t) and b{t), then {Bj,Aj) and {Bj,Aj) are fiberwise homotopy 
equivalent. 



LAGRANGIAN COBORDISMS BETWEEN LEGENDRIANS 



29 



Proof. The desired homotopy equivalence arises from following the positive 
or negative gradient flow of 5 in each t-slice. □ 

5.3. Analysis of functions corresponding to Particular Sublevel Sets. 

A crucial part of our analysis of sublevel sets of the sheared difference func- 
tion in Sections [g] and [s] will occur over intervals that lie outside of [t-jt+J 
and at levels 0, and it/i. We will want to show that, after a fiberwise ho- 



motopy equivalence, the hypotheses of Lemma |5.4| and |5.6| can be applied 
to sublevel sets of 6 with the functions of the form Xrit). To this end, we 
analyze the behavior of and X±^ in this section. We suggest that the 
reader bypass this section on first reading, looking only at Figures |6j [7j and 

El 

For the remainder of this section, suppose that (A_, /_) i?) /+) is 

a gf-compatible Lagrangian cobordism of r*(M+ x M), and that H £ T-L{C). 
The first lemma examines the levels and explains some of the lower 



bounds on 17 in Inequalities (4.4). 



Lemma 5.9. For Q meeting the requirements of {4-4h the function Xn 
satisfies the following: 

(1) For all t > t+, Xnit) > I+; 

(2) There exists fL < t- so that An(i) has a unique maximum on (0, t_] 
at t^_, and although An(t) is decreasing on An(t) > on 
that interval. 



(3) If V- satisfies Inequality {4-8), then Xq{v-) > 0. 
See Figure\^ 

We will use the following sublemma implicitly throughout the proofs in 
this subsection; the proof comes from direct calculations and the defining 
conditions of H e 

Sublemma 5.10. The sign of X'^{t) is governed by the sign of la{t) = 
—tH'{t) — ^ + II{t). Since l'fj{t) = —tH"{t), lu is increasing when t > t^; 
similarly, Ifj is decreasing when t < t^. 



Proof of Lemma 5.9 To prove (1), we will show that at the unique minimum 
of An on [t_(_,oo), with An(i+) > (■+■ Let i+ denote the unique point 
in (t+,2t+) with —II'(tj^) = i+. As shown in Proposition 



4.5 



-|- Since t+ < 2t+ and > 3t+^+ -|- from Inequality M.4), we 

may compute that lQ{t+) < 0. On the other hand, ln{t) > for sufficiently 
large t. Thus we see that the unique minimum of Xq occurs at some > ^4.. 
Since lnit%) = 0, we obtain the relation —H{t'^) = —t'^H'(t'^) — Q, and thus 

Xnitl) = -H'itl) > -H'{t+) = U, 

as desired. 

A similar argument when t < t- that uses the inequality 2t_l_ < Q 



from (4.4) proves (2). Furthermore, if V- satisfies Inequality (4.8), then 
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^n{t) < £- for all t < v-. It follows that v- < fL, and hence v- must be 
contained in the region where is increasing; this proves (3). □ 

The next lemma explains some of the upper bounds imposed on fx in 
Inequality (4.4). 



Lemma 5.11. For fi meeting the requirements of (4-4h ^he function A^(t) 
satisfies the following: 

(1) There exists a unique minimum G (t_|_,n_|_) for on [t^,oo) so 
that < \fj_{t) < for all t G 

(2) There exists a unique maximum fL € (n_,t_) for on (0, t_] so 
that < X^,{t) < i_ for all t G 

See Figure\^ 

Proof. We begin with the case of t > t+. To show that there exists a min- 
imum (Sublemma 5.10 guarantees that such a minimum would be unique), 
we compute that = — ^ < on one hand, and that l^{u+) = ^(w^ — 

t^) — /i > 0, since /i < — i+) by Inequality (4.4). Thus, at some point 

^4- G (t+,u+), A^ has a minimum. 

Since = 0, we see that —H{t'\.) = —t'^H'{t'^) — ^, and hence 

A/i(t+) = -H^f-^) > 0. Since fi < t+l_^ by Inequality (lO), we have 
A^(t+) < and so, for t S p{t) £ (0, £_,_). In addition, the inequal- 

ities /i < < from Inequality (4.4), r+ < ^i^L-t^ from Inequal- 

ity (4.2), and n+ < 2tj^ imply that A^(u+) < 
(1). 



. This finishes the proof of 



A similar argument when t < t„ using the inequalities ^ < ^ {t_ — u_) 
and jx < t-l_ from (|44|) yields (2). □ 
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Figure 7. A schematic picture of A^, for H G 'H{C) and /x 



satisfying Inequalities (4.4). 




Figure 8. A schematic picture of A-^, for H G 'H{C) and /x 
satisfying Inequahties (4.4). 



Remark 5.12. For later purposes, it will be useful to point out that the proof 

, we have X^{t) € (0,^_|_) for 



of Lemma 
all t G 



5.11 



shows that when < ;U < ^\ 



Lemma 5.13. For ^ meeting the requirements of (4-4h function A_^ 
satisfies the following: 

(1) A_^ is increasing on (— oo,t_) U (t+,oo), 

(2) < A_^(t±) < 0, and 

(3) 0< A_^(n+) <^+. 

See Figure\^ 
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Proof. Since l-fi{t±) = /i > 0, Sublemma 5.10 implies that A-^(t) is in- 
creasing when t G (— oo,t_) U (t+,oo). Parts (2) and (3) fohow from direct 



calculations using Inequalities (4.4) and a calculation similar to the one in 
the proof of Lemma 5.11 □ 



6. Filling Isomorphisms 



In this section, we will prove Theorem 1.5 Namely, we will show that if 
(0,/-) ^(c,F) (^+>/+)> then 

GH'^{[U])c^H'^+\L,A+) and GH' {[U]) ^ H'^+\L) . 



3.1 



This will follow easily from Proposition |4.12| and the following theorem. 

Theorem 6.1. 7/(A_,/_) (^+)/+); and C is orientable, then, for 

£ = £ n {t € (0, there are long exact sequences 

^ WGH'^+^F) ^ H^'+^C, dC) GH^{[f+\) ^ • • • 



GH\[f+]) 



6.1 



is to realize the pair (A|^ , Aj 



The idea of the proof of Theorem i 
as two different mapping cones: 

(1) Over [t+,iJ+] (resp. [«+,!'+]), the pair may be associated with the 
relative cone on {5^,5^'') (resp. ((5+,(5^)); 

(2) Over [v^ , t+J , the pair may be associated with a disk bundle over the 
Morse-Bott submanifold C, which is diffeomorphic to the manifold- 
with-boundary £, relative to the boundary sphere bundle; over «_!_], 
we obtain the same disk bundle, but now taken relative to the bound- 
ary sphere bundle and the disk bundle over dC. 



In Subsection 6.1, we state a number of lemmas (which are proved in 



Subsection 6.2) that make the above outline more precise; we then prove 



Theorem 6.1 In Subsection 6.3 we show that there are natural vertical 



maps between the two long exact sequences in Theorem 6.1 that produce a 
commuting diagram that will be useful the discussion of duality in Section [7j 



6.1. Realizing Pairs as Relative Mapping Cones. Our first goal is to 
show that (^Aj^ ^^^,AJ^J^ ^^-^ can be realized as a mapping cone in two 
different ways. 



The following Lemmas 6.2 , 6.3 , and 6.5 will easily lead to the proof of The- 
orem 6.1 The proofs of these lemmas appear in Subsection 6.2 Throughout 
this section, we will assume that (0, /-) ^^-^ (A+, /+) is an orientable, gf- 
compatible Lagrangian cobordism of r*(M+ x M). Further, we will fix a 
Hamiltonian shearing function H G H{C) and fi, ^ > satisfying Inequali- 
ties (IHl). 
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Lemma 6.2. There are dijfeomorphisms of pairs 

n 

{u 



where uj,e satisfy Inequalities (3.6). Moreover, for any > satisfying 
Inequality (4-8), after applying a fiberwise homotopy equivalence, there are 
deformation retractions: 

P+ ■■ (Ap„„.,], A-^^^^,) ^ C {6-, 51) and 



with p+\^n 

{"+} 



id and p+\^n = id. 

{*+> 



For the next lemmas, select o" > so that 



3.2) 



r+n-|-(n_| 



< cr < 



Note that such a a always exists by condition (3) of Definition 4.4 



Lemma 6.3. Suppose thatv- < t- satisfies Inequality {4-8). After applying 
a fiberwise homotopy equivalence, there exist deformation retractions: 



P- 

P- 



AO- A^'^ 

ACT A"'^ 



From Lemmas 6.2 and 6.3, we get: 



Corollary 6.4. The pair (^A|^ ^^j, Aj^^ ) can be viewed as two different 
mapping cones: C{(I)f), where 



{«+} 



A°" A^'^ 



is given by the restriction of the map p- in Lemma 6.3 to i, and C{4>f), 



where 



\G A~^ 



is given by the restriction of the map p_ in Lemma 



6.3\to Af. 



The following lemma will be useful in identifying terms that arise in the 
long exact sequences of the mapping cones of Corollary |6.4[ 



Lemma 6.5. There exist isomorphisms 

Tjk + N ( AO- A -M 



H 



k+N 



A"" A"'^ 



H''{C,dC), and 
H''{C). 
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Proof of Theorem 6.1 We prove the statement for the relative generating 
function cohomology the proof for the total generating family 



cohomology is almost verbatim. By Corollary 6.4, Lemma 5.3 gives a long 
exact sequence: 



(6.3) 



H* 



AZ. 



,a; 



,u+_ 



We now identify terms. Corollary 4.10 and Definition 4.7 allow us to identify 
the first term: 



H 



Lemma 



k+N+l 



A 



[V-,V+\ 



H 



k+N+l 



6.5 



identifies the second term as H^^^{C,dC). The id enti fication of 

□ 



6.2 



the last term as GH^{[f^]) follows immediately from Lemma 
Proof of Theorem \l.^ The stated isomorphism follows from Theorem 6.1 



the fact that {C, dC) is diffeomorphic to (L, A+), and Proposition 4.12 which 
guarantees the vanishing of the total wrapped generating family cohomology 
of F. □ 



6.2. Proofs of Lemmas [6^ [6]3| and [675 



Proof of Lemma 6^. Fix H G H{C) and fi > satisfying Inequalities (4.4) 

ima 5. 

Xn{t). By Lemma 



The proof relies on two applications of Lemma 5.6 With Equation (|4.5|) in 
mind, we take a{t) 



A_^(t) and b{t) 



5.13 



a{t) is 

strictly increasing when t > For satisfying Inequality (4.8), a(f+) is 
greater than all critical values of By Lemma |5.9[ we can assume that 
b{t) is greater than all critical values of 5+ for all t S After applying 

Lemma 5.8, we can assume b{t) = a(u+) on 
Lemnia ]5 . 131 then tells us that: 

< a(t+) < < a{u+) < 



Hence, by Lemma |5. 6 we have: 
:i) The pair ( A^ 



Ar^ 

lu+,v+ 



coneC(5i("+\(^?"+) 



(2) The pair 



C S 



) Mt+) 



,'"+] 



[*+.-"+] 



C{S' 



for uj, e satisfying Inequalities (3.6). 



deformation retracts to the relative 

C{5%,5'^), and 

^ deformation retracts to the relative cone 

SI'), 

□ 



Proof of Lemma 6.3 Fix H € H(C), > satisfying Inequalities (4.4) 
and V- satisfying Inequality ( |4.8| ). We will construct the deformation re- 
tractions p- and p- by flowing along the negative gradient vector field 
of A (here, we implicitly fix a metric) on the manifolds-with-boundary 
X M X M?^ and t+] x M x M?^ , stopping when the value of A 
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reaches a. The embeddedness of C imphes that is the only critical value 
of A on these manifolds, and hence it suffices to show that the negative 
gradient vector field is inward-pointing at the boundaries. In particular, we 
will show: 

(1) dtA < on {{v-} X M X M^JV) n{a < A<n}, for ah cr > 0, by the 
choice of V- ; 

(2) dtA > on n+] X M X M?^) n {a < A < 0}, when a is chosen 
to satisfy the lower bound in Inequalities (6.2). This fact is stronger 
than what we need for the lemma, but will prove useful in the next 
section. 

When t <t-, recall that A(i, x, r], fj) = t6- {x, r], if) + H{t) and hence that 
dtA = S-{x,r],fj) + H'{t). Using the notation of Section [5^ since A < Q, 
we have 6- < Aq, and hence that dtA < X^it) + H'{t). Rewriting this 
inequality yields: 

tdtA{t,x,r],fi) < ln{t), 



so Lemma 5.9 implies that tdtA\t=v_ < 0, and hence dtA\t=v_ < 0, as 
desired. 

For t £ recall that A{t,x,r],f]) = t6+{x,rj,fj) + H{t). Since 

H"{t) < 0, we have: 

(6.4) dtA = S+ix^i^^fi) + H' {t) > 5+{x,ri,fi) - r+{u+ - t+). 

The inequality A{t,x,r],fj) > a implies t6+{x,7],fj) + H{t) > a and hence, 
since H(t) < 0, that 

r / ,s 0" CJ 

d+{x,ri,ri) > - > — . 

t u+ 

Applying this inequality and the lower bound on a from Inequality (6.2) 
to Equation (6.4) yields the desired positivity of the derivative dtA when 

t £ [t+,u+]. □ 



Proof of Lemma 6.5. We will first show that the cohomology groups of the 
pair ( A7 , , A7^ , ) agree with those of 

(6-5) (a{^_,^j,A-_-^,^,UA^,^j 

and the cohomology groups of f ^^j, Aj^'* agree with those of 



(6-6) (Af,_,^,,A(;_-_,^j 

We will then apply a Morse-Bott argument to identify the cohomology 
groups of the pair in (6.5) with those (£, dC) and the cohomology groups of 
the pair in (6.6) with those of C 

First, we consider the pair ^Aj^ ^ yA^^^ ^ jV Since A_ = 0, after a 



fiberwise homotopy equivalence, Corollary |5.5[ Lemma 5.11 , and Lemma 5.13 
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show this pair retracts to (A|^ y,A^I^ y). Thus, the cohomology groups of 



ACT A 



agree with those of the pair in (6.6), as desired. 

and the pair 



To get the desired identification between A?" , 

to analyze ( AZ 



in (6.5), we will first employ Lemma 

Restrict attention to t in the interval [i 
b{t) = A(j(t). As noted in Remark 



5.6 



[v^,u+] 



A~^ 

]. Consider a{t) = X-^{t) and 
we can assume < b{t) < £_^_. By 
Lemma 5.13, a(u+) > 0. After applying a fiberwise homotopy equivalence, 
we can assume b[t) = a(n+) for all t G [t^,u^]. By Lemma [5. 6[ we find that 



5.12 



A 



lt+,u+]' [t+,u+_ 



deformation retracts to 



X [t+,n+], (a^^^j X [t+,u+]) UAl^^y) . 



A' 



Thus we see that the cohomology groups of ^A|^ ^^j, A^^^ «+] j ' ^g'^se with 
those of 



Af*_,,]U(A^,^jx[t+,^+]),Af,^;,^, 



U 



^{t+} 



X [t+,n+] UA? 



which, after applying a diffeomorphism, agree with those of the pair in (6.5 ), 
as desired. 



To determine the cohomology groups of the pairs in (6.5) and (6.6), we 



will analyze the change in topology as we pass through the critical level 
on the way up from AJ^'^^^j to A|J ^^j. To analyze the change, we 
will employ a simple modification of the standard constructions of Morse- 
Bott theory to allow for critical submanifolds with boundary. By Propo- 
sition |4.5[ there is a properly embedded, non-degenerate critical subman- 
ifold {C,dC) C {{t G [t^,t+]},{t = t+}) of index N having critical value 
0. A careful examination of the proof of the Morse-Bott lemma (as in [5j, 
say) shows that since the critical submanifold C is properly embedded in 
xMxM^A'^ there is a choice of metric that allows us to assume that 
the negative gradient flow of A is tangent to the boundary {t = i+} in a 
neighborhood of the boundary of C. Thus, the effect of passing through 
the critical level is to attach an A^-disk bundle over C to A|^^ along its 



unit sphere bundle. By Lemma |4.5[ we know that C is diffeomorphic to C. 
Denote the A-disk bundle by DC and its sphere bundle by SC. We obtain 

a homotopy equivalence between the pairs ^A|^ ^^pAj^'^^^j U A|^^|^ and 

A-M 



{DC,SCUD{dC)) and between the pairs (^A|^^_^j^j , A~^ j and {DC,SC). 

The claimed isomorphism between H^^^ {j^[v t+]^^[v' t+]) H^{C) 
now follows from the Thom isomorphism theorem. To complete the proof 
in the other case, consider the long exact sequences of the triple {DC, SC U 
D(dC), SC) and the pair {C,dC), related by the Thom maps tc and tq^, 
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along with an induced map r: 
(6.7) 

^ H^{DC, SC U D{dC)) H^{DC, SC) H^{D{dC), S{dC)) 



H 



k-N 



(^) 



H 



k-N 



The Thorn isomorphism theorem and the 5-Lemma imply that the map r is 
an isomorphism, thus giving 



as desired. 



□ 



6.3. Commutativity of Filling Isomorphisms. The following lemma 
shows that the isomorphisms (/>^ and 0^ constructed in the proof of The- 
orem |6.1| commute with natural inclusion maps. In Section [7| this lemma 
will be employed to prove Theorem 



Lemma 6.6. Assume (A_,/_) -<(£p^ where C is orientable. Let 

H £ T~L{C) and Q,a,iJ, > be chosen to satisfy the Inequa lities (4-4) and 



6.2). The maps (j)p and (f>p defined in the proof of Theorem 6.1 fit into the 

<t>*F 



following commutative diagram: 



TTk+N + l ACT A 



7* 



0t 



ffk+N+l f^a A7\ - 

where i and I are the obvious inclusion maps. 

Proof. The main idea is to show that the following diagram commutes up 
to homotopy, where we shall define the maps r and cpp below. 




V^{n+}'^[t+,«4 



We define (f)p in the same way as we defined (pp and (f)p: simply follow 
the negative gradient flow of A until the value of A reaches a or less. The 
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commutativity of the bottom square in the diagram (6.8) is then clear, as is 
the relation 



(6.9) 



5f ° J- 



The map r is a deformation retract constructed using Lemma 5.13 and 



then applying Corollary |5.5[ By pre- applying r to each side of Equation |6. 9 
we obtain: 

(j)or = (j)poj^ (f)p, 



and hence the diagram (6.8) commutes up to homotopy. 



Finally, we observe that, up to the identifications in Lemma [6. 2 [ and possi- 
bly some deformations near u and e, roi is the natural inclusion of (6^, 67'') 



into {6%, 6'^ J 



□ 



7. Duality 



and 1.11 



Namely, in Sub- 
is a "duality map" 
we show that 



7.2 



In this section, we will prove Theorems 1.^ 
section |7.1[ we show that if / generates A", there 

(j) : GW{f) GHkif) when j + k = n-l. In Subsection 

up to the isomorphism between GH*(f) and H*(L, dL) in Theorem 1.5, the 
duality map is essentially the same as the Poincare-Lefschetz duality map. 

7.1. Duality for Generating Family Homology. We will prove The- 
orem 1.8 by extending a version of Alexander duality used by Fuchs and 
First, we isolate the application of Poincare- Alexander- 



Rutherford in 

Lefschetz duality to our situation in the following lemma: 



Lemma 7.1 

M" X - 



Assume f : M" x M — )• M is linear- at-infinity; let 6 : 
R be its associated difference function. For lo satisfying In- 
equality (3.6) and for all a G M, there is an isomorphism 

Proof. Since / is linear-at-infinity. Lemma |3.9| allows us to assume that 6 is 
also linear-at-infinity. As in the last section of [26j, we compactify the super- 
and sublevel sets of 6 inside M x S"^^ so that we can apply standard duality 
theorems; by abuse of notation, however, we will still refer to the original 
sublevel sets below. We examine the compact embedded pair (5-"'^, 5-") 
inside M x S"^^; since the super- and sublevel sets are absolute neighborhood 
retracts, the pair is tautly embedded and hence that we may use ordinary 
(co) homology theories throughout. Poincare- Alexander-Lefschetz duality 
(as formulated in §6.2], for example) then yields: 



(7.1) 



H' 



2N+n-j 



The map that exchanges r] and fj in duces a homeomorphism s between 5° 
and and hence Equation (7.1) becomes: 



(7.2) 

as desired. 



H2N+n-j{5°' ,5 '^), 



□ 
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This lemma is the key to the proof of the duahty theorem for generating 
family cohomology. 

Proof of Theorem \1-S\ The d esire d long exact sequence follows from the long 
exact sequence of Proposition 



3.5 



the isomorphism GH'^Hf]) ~ GHn-i-k{[f]) 

given by Lemma |7. 1| with a = e and j = k + N + 1, Corollary |3. 13 and the 
definitions of (relative) generating family (co)homology. □ 



The proof of Corollary 1.10 is completely analogous to that in [17j; we 
repeat it here for the reader's convenience. 

Proof of Corollary \1.10i We label the maps in the long exact sequence of 
Theorem 11.11 as follows: 

• • • ^ GHr^.kilf]) ^'(A) ^ GH'^m ^ • • • . 

Let mfc denote the number of critical points of index k + N + 1 of the 
difference function S for /. We work over a field and denote the /c*'* Betti 
number by bk = dim.H^{A). Finally, we compute: 

bk = dim ker ak + dim im ak 
= dim im + dim im cr^ 

< dimGF„_fe(/) + dimGi7'=(/) 

< rrin-k + ruk, 



by Proposition 3.1 



-k + rk, 



by Proposition 3.2 



□ 



7.2. Duality and Lagrangian Spanning Surfaces. We will now prove 
Theorem |1.11[ which shows that the duality map (j) of Theorem 1.8 for 
the Legendrian A-|- corresponds to a well-known duality for the Lagrangian 
filling (L,A^). We first work with a long exact sequence that will serve as 
an intermediary between the top and bottom sequences in the theorem. 

Lemma 7.2. Assume (A_,/_) (A-+,/+). Consider A constructed 

with H £ 'H{C), and let e,a,iJ,, and V- satisfy Inequalities (3.6), (4-4h 
{4-8), and (6.2). There exists a long exact sequence: 



Proof. The long exact sequence in the lemma is simply that of the triple 

with the first and last terms identi- 



Af^ , 1 U A"'' ,,Ar'' 1 



fied as follows. The first term is isomorphic to //'^(Aj^ 
by excision, which in turn is isomorphic to H^{S{5'^,5^'')) by Lemma 

gives us H^~^ {5[ 



Remark 



5.12 



and Lemma 



5.13 



Finally, Lemma 



5.2 



5.6 



as desired. The last term may be identified using excision. 



□ 



We are now ready to prove the theorem. 
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Proof of Theorem 1.11. Fix H £ e,uj,a, n > according to Inequali- 



ties (3.6), (6.2), (4.4), and v- < t- so it satisfies Inequality (4.8). Consider 



the following diagram of long exact sequences, where the top row is given by 
the long exact sequence of the triple 5+'^), the middle row is given 

by the long exact sequence of Lemma |7.2[ and the third row is the long 
exact sequence of the pair {C,dC), which is diffeomorphic to (L, A+). To 
make the diagram more readable, we define the notation T = and 
U = \v-,u+]. 



H 



k+N 



H 



k+N+l(zuj 



H 



k+N+l 



H 



k+l, 



L,Ah 



The vertical maps from the third to the second row are given by the Thom 

The only 



isomorphism; see Proposition 3.1 and the proof of Lemma |6.5[ 
place where commutativity is not obvious is in the upper right square, where 



we may apply Lemma 6.6 



To complete the proof, we identify the rightmost terms. Along the top, 
the proof of Theorem 1.8 yields the desired sequence. Along the bottom, 
Poincare-Lefschetz duality implies that H^~^^{L) ~ A+). □ 



8. The Long Exact Sequence of a Cobordism 

In the previous two sections, we considered cobordisms with A_ = 0. 
We now consider the more general situation, culminating in the proof of 
Theorem |1.1| and Corollary 1.2 As always, af ter t he identification of M x 

with the cobordism C of 



J^M and T*{R+ x M), we will prove Theorem 
r*(M+ X M) in place of L C M x J^M. 



1.1 



We use the following assumptions and notation throughout this section: 
(A_,/_) -<(c,F) (^+'/+)> ^ is orientable, C = Z n {t £ [t_,t+]}, dC± = 



dC n = t-t}, $7, /i > satisfy Inequalities (4.4), and v± satisfies Inequali- 
ties d^sl). 



The long exact sequence in Theorem 1.1 will be constructed in two steps. 
We first realize the pair ( A^_ , A[^, J , as a relative mapping cone by 



examining the regions of M+ x M x M over [v- , t+] and \t 
results in the following "horizontal" long exact sequence: 

Proposition 8.1. There exists a long exact sequence: 



This 



-GH^ ([/_]) -^GH^ ([/+]) ^WGH''+^ (F) - 
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Second, the term WGH^'^'^{F) can be identified using the fohowinff "ver- 
tical" long exact sequence, which arises from examining the long exact se- 
quence of the triple (Ap^_^^^], Aj;_^^^j , A"'^ ,^^,): 

Proposition 8.2. There exists a long exact sequence: 

^WGH^+^{F) ^H^+\C, dC+)^^WGH^+^{F) ^- • • . 



From these two propositions, which we will prove below, we can easily 
obtain: 



Proof of Theorem By Proposition 
Proposition |8.2| yields: 



4.12 



WGH*{F) vanishes, and thus 



WGH''+^{F). 



Substituting this into the long exact sequence of Proposition [8TT] yields The- 
orem 11.11 □ 



Proof of Corollary 1.2. The only mysterious element in the statement is the 



sign. This comes from two sources: first, [18', §3] and Proposition 3.2 



show that up to the sign (— l)2("~^)("~2)j one may calculate the Thurston- 
Bennequin invariant to be the Euler characteristic of the generating family 
homology. Second, Poincare duality immediately implies that x{L-,^+) = 

i-irx{L). □ 

8.1. Th e "Horizontal" Long Exact Sequence. In parallel to Subsec- 
tion the following lemmas analyze the pair ^A|^ ^^j, Aj;^ ^^j^ . In par- 
allel to Lemma 6.2, on {t > we find: 

Lemma 8.3. The pair ^A|^^ ^|, A|^^|^ is diffeomorphic to [S':^,5^) , where 

e,uj satisfy Inequalities (3.6). Moreover, for any > satisfying In- 
equality {'4-S), after applying a fiberwise homotopy equivalence, there is a 
deformation retraction 



A 



AM 

[t+,v+]^^lt+,v+] 



C(5'i,5' 



with yO+Lfi 



id. 



The proof of this lemma is entirely similar to that of Lemma 6.2 with 



Lemma 5.11 in place of Lemma 5.13 



embeddedness of £ to find: 



In parallel to Lemma 6.3, on {t < t+j, we make essential use of the 

is diffeomorphic to (^6'f_,6L) , where 



Lemma 8.4. The pair ( A|*^ | 



AM 



e,uj satisfy Inequalities (3.6). Moreover, for allv^ satisfying Inequality 4-8), 
after applying a fiberwise homotopy equivalence, there exists a deformation 
retraction. 



P- 



A n AM 



A 



{t-} 



U AC 



A^ 
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Proof. We will prove this in two steps. First, we show that there exists a 
retraction from to A|*^ | U A|J constructed by flowing along the 

negative gradient vector field of A. This part of the proof is essentially the 



same as in the proof of Lemma 6.3 



Second, we apply Corollary 5.5 to show that there exists a retraction from 



Ap , 

\V- ,t- 



,A(' 



Consider a{t) = A^(t) and b{t) 



Xn{t) for t G By Lemmas [5.11 and 5.8 we may assume that a{t) 



is strictly increasing and a(i_) G By Lemma 5.9 and 5.8 

assume that b{t) is strictly increasing and b{t 



> 



retraction follows from Corollary 5.5 



we may 
Thus, our desired 
□ 



In parallel to Corollary 6.4, we obtain: 



is the mapping cone C{^i 



Corollary 8.5. The pair ^A| 
where 



is the restriction of the map p- in Lemma 



to 



,n 



We now arrive at the horizontal long exact sequence: 



Proof of Proposition IKl] By Corollary 8.5 and Lemma 5.3 there is a long 
exact sequence: 



H- 



k+N+l 



k+N+l 



H 



k+N+2 



A 



.A^ 



We finish the proof of the proposition with the following identification of 
terms: 

(1) For the first term, we have 



by excision 



GH\[f.]). 



by Lemma 8.4 



(2) For the second term, we have: 



H 



k+N+l 



^k+N+1 

GH'{[f^]). 



by Lemma 8.3 



(3) By Lemma 4.8, we have: 

jjk+N+2 



AM 

[v-,v+] 



WGH^+^{F). 



□ 
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At this point, we can officially define the cobordism map : GH^{f-) — )• 
GH^(f^) via the following diagram, where ipp is defined by following the 
negative gradient flow of A until the first point at which the flowline inter- 
sects or {t-} X M X M?^ . The map ex is excision. 

(8.2) GH*{f^) ^GH*iU) 



The proof of the following lemma is a straightforward exercise in relating 
long exact sequences of mapping cones. 



Lemma 8.6. Up to the isomorphisms in Lemma \3.6{ the cobordism map 
descends to equivalence classes of the generating family F. 

More interestingly, we have: 

Lemma 8.7. The cobordism map is independent of H £ 1-L{C). 

Proof. Since the cobordism map depends only on A in the region where 
t G and any H € is zero on this region, the only dependence 

on H that the cobordism map could have is on the choice of t± . We restrict 
attention to the case where t^ < t^ but t^ = il; the proof at the negative 
end is entirely similar. 

To notational clarity, let us rename the map ipp with 

: (Af,,},Af,^p ^ (Af,_jUAj_^,^,,Af__,^p. 

If we let V'fi,,*" ] be the map whose domain has been expanded to be 

the pair (A^^^q } U A|^o y A|Jo pi then the description of the i^[t_^t+] maps 
above easily implies that 

(8-3) ^[i-,*^] = ^[t-,tl] ° "^[44] • 



Combining the diagram (8.2) with Equation (8.3) yields the following 
commutative diagram, where for clarity, we suppress degrees and use the 
notation [i] to represent the interval and [01] to represent [t*]., ti*!.]. 



44 



J. SABLOFF AND L. TRAYNOR 



'[1] 



GF*(/_) ^GH*{f^ 



'[0] 



'[01] 



{t-} 



{t-} 




^ ^[01]' "[01]^ 



I J AM AM 




A direct computation of the gradient of A over the interval [t^},, (where 
A = shows that the M x component of V'foi] simply follows the 
negative gradient flow of 5, and hence we may identify the two relative 



generating family cohomologies of /+ as in Remark 3.11[ This completes 
the proof. □ 



8.2. The "Vertical" Long Exact Sequence. We now prove Proposi- 



tion 8.2, which boils down to the following lemma, whose proof is similar to 
that of Lemma 16.51 



Lemma 8.8. There exists an isomorphism between H^+^ ( A^ ,,A7'' J 
and H^{C,dC+). 



Proof. We will show that the cohomology groups of (^A|^ 
agree with those of 



V— ,V-f.\ 



[V-,V+] 



AM A -M I I AM 

^[t_,i+]'^[i_,t+] u^{t+} 



The Morse-Bott argument in the proof of Lemma 6.5 then implies that the 
cohomology groups of this pair can be identified with those of (£, c?£+). 
First, we consider the pair {A'^,A/), where J = [v-,t-] and J = 
Con s ider a{t) = A_^(i) and b{t) = X^{t). When t £ [v-,t-], 



Lemmas 



5.11 



5.13 



5.8 



and Corollary 



retracts to y^s 

When J 
serve that Lemma 



5.5 



imply that A/_^^_^), 



we will apply a Mayer- Vietoris argument. First ob- 
5 11| implies < b{t) < for aU t G By 



Lemma 5.13, we can assume a(n+) > 0. Thus, after applying a fiberwise 



homotopy equivalence, we can assume, for a sufficiently small e > 0, that 
the pair (A(^_|__^ ,^^_)_^, (A^j'_^ ,^_|^^^) is acyclic. A Mayer- Vietoris argument 
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then shows that: 



H* A^, „A7/ 1 



H* A'^ ^i,A"^ ^, 



H*{A'f „A~^ 



findi/* Af ,,Ar^ 
deformation retracts to 



By Lemma 5.11 Lemma 5.13, and CoroUar y |5.5t and the choice of w+, we 

= 0. Lemma 



5.6 



imphes that (^^j^^ .. . ^r. ^ 



The rest of the proof proceeds as in that of Lemma 6.5 



Proof of Proposition \8.^ The triple ( A 
the long exact sequence: 



D_ ,1)4 



Af ,,Ar^ , 



+ ,-u++e]' [t+,u++e] 
□ 

leads to 



H 



k+N 



n AM 

'[v^,v+]^^[v_,v+] 



TTk + N I A Q A -M 



H^+^iA'l ,,Ar^ 









,Af 


v+ 


^k+N 






,Ar'^ 


v+ 


jjk+N 






,A7'' 


v+ 



Applying Definition 4.7, Corollary 4.10, and Lemma 8.8 we obtain the fol- 
lowing identifications in the terms of the long exact sequence above. 

- WGH^{F), 
-^H^ {C,dC+). 

□ 



9. Generating Family Cohomology as a TQFT 

In this section, we establish several fundamental properties of the cobor- 
dism map defined in Section [8| First, it is important to check that this 
cobordism map is not always trivial; in the axioms of TQFT, this is often 
referred to as a "normalization" condition. In addition, if a symplectic iso- 
topy (of a special form at the ends) is applied to the Lagrangian, we would 
naturally hope that we get a cobordism map that only differs by pre- and 
post-compositions of isomorphisms. Lastly, we will show that if two La- 
grangians (with matching end behavior) are glued, we get a cobordism map 
which is a composition of the cobordism maps of the pieces; this is often 
referred to "functoriality" axiom in TQFT. 

We begin with the non-triviality of the cobordism map. 

Proposition 9.1 (Non- Triviality) . Given a Lagrangian cobordism ofMx 
J^M of the form (A,/) ^(^0(^Za),f) (^j/); cobordism map, tp^p^ is the 
identity. 
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The proof of this proposition rests on two lemmas. First, we show that 
if the generating family F has the particularly simple form F{t, x, rj) = 
tf{x,r]), then ^'j^^j is the identity. Second, we show that any generating 
family F of Z\ is equivalent to tf. 

Lemma 9.2. Given a Lagrangian cobordism of the form (A,/) -<g^tf^ 
(A,/), the cobordism map, ^[tf] is the identity. 



Proof. By Lemma 8.7, "^p does not depend on the choice of -ff G ^(^)- 



Since F{t,x,r]) = tf{x,r]), for all t, we can take t - = t+ in the choice of 



H G Then, by construction, ipp in Corollary 8.5 will be the identity, 



and hence will be the identity. □ 

Lemma 9.3. Given a Lagrangian cobordism of the form (A, /) -<fj^ p-^ (A, /), 
ife-^(Z) = Za C M X J^M, then F is equivalent to tf. 

Proof. Suppose that F generates 

C = 9{Za) = {{t, X, z, ty) : {x, y, z) G A}, 

and that outside of a compact interval of M-(-, F = tf. The key points of the 
proof will be to find a path of generating families Fg for C that interpolate 
between F and tf, and then to apply an argument of Theret to Fg to produce 
the desired equivalence. 

We first show that after applying a fiber-preserving diffeomorphism, we 
may assume that the fiber-critical sets of F and tf agree, i.e. T,f = M-|_ x Sj, 
and that F|s = We use the notation F(t,x,r]) = tft{x,r]), and hence 
we may write 

= {{t, X, 7?) : d^ftix, r/) = 0} = U {{t} x S/J . 

t 

Since for each t, Sj^ is isotopic to Sj^ = ^/) the Isotopy Extension Theorem 
provides a compactly-supported fiber-preserving diffeomorphism that yields 
= T,f for all t. A continuity argument shows that the embedding jj^ is 
also independent of t. 
Since tft{x,rj) generates 

{{t,x,ft{x,r])+tdtft{x,r]),tdxft{x,r])) : (x,r/) G H/}, 

we have ft{x,r]) + tdtft{x,r]) = z, where for fixed x and r], we think of z 
as a fixed constant. This equation is an ODE for ft{x,ri) as a function 
of t with initial values ft_{x,rj) = f{x,r]). Since the constant solution 
ft{x,ri) = f{x,r]) solves the ODE, the uniqueness of the solution yields the 
equation dtft{x, rj) = 0. 

Next, we show that there exists a 1-parameter family of generating fami- 
lies Fs(t,x,r]) between F and tf so that F, generates C for all s. Consider 
the path 

Fs{t,x,rj) = 1 F{{l-s)t + st-,x,r]). 

(1 — S)t + St- 
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It is easy to verify that Fq = F, Fi = tf, S_Fs = ^+ ^ ^/j arid that Fs is 
a generating family for each s. Then, since F{t,x,ri) = tf{x,r]) on T,p^, we 
see that Fs generates C for each s. 

It now follows from an argument of Theret [44, Theorem 5.1] that Fi and 
Fq are equivalent by a fiber-preserving diffeomorphism For the reader's 
convenience, we sketch Theret 's argument. The goal is to show that there 
exists a fiber-preserving isotopy $s so that Fs o = Fq, for all s G [0, 1]. 
By differentiating this equation with respect to s, we get an equation for a 
vector field Xg that generates this isotopy. It is easy to find the solution 
for this Xs outside the fiber critical set T,f^ = T, of Fs. We then apply 
Hadamard's lemma to find a solution Xs near S. These two solutions are 
then glued together to produce a globally defined Xg by the choice of an 
appropriate bump function. The taming conditions on F guarantee that the 
vector field Xg will be integrable. □ 

Next, we consider the naturality of the cobordism map. As usual, we 
begin with a gf-compatible Lagrangian cobordism (A_,/_) ^(j^p-^ {^+jf+) 
in the symplectization M x J^M. First suppose that are compactly 
supported contact isotopies of J^M. These isotopies may be extended to 
symplectic isotopies on the symplectization M x J^M by the formula 

where are the scaling functions given by (K^)*a = a^a. 

Next, let 0*, s S [0, 1], be a symplectic isotopy of M x J^M so that, for 
compact sets I C M and X C J^M, we have: 

• (j)^ = id on the complement of M x X and 

• = for (compactly supported) contact isotopies of J^M 
on the complement of / x J^M. 

Proposition 9.4 (Naturality). Given the conditions above, there exists a 
smooth, 1-parameter family of cobordisms {k.^{A^), f^) '<(^s(^g(^c) F^) 
so that: 

(1) (F0,/0,/0)~(F, /_,/+), and 

(2) The following diagram commutes for all s: 

(9.1) GH^{[f^_])^GH*{[fl]) 



# 



# 



GH'^ {[fl]) ^ GH* {[f^]) . 

Proof of Existence of {F^, f^, f^). The construction of the generating fam- 
ilies {F^, /f., /^) essentially follows from a construction of Chekanov [H §5]; 
we will discuss the necessary modifications. As Chekanov proves, we may 
assume that M = MJ'. We denote the symplectic isotopy o 0* o of 
T*(M_)_ X M*^) by Since 0* is well-behaved outside of a compact set, we 
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may write it as a composition of C^-small symplectomorphisms, and hence 
may simply assume that c/)^ — and hence $ — is C^-close to the identity. 
The key idea underlying Chekanov's proof of persistence is to repeatedly 
apply the fact that a generating family F for C and a generating family 
for a sufficiently small $ (meaning a generating family for the image of the 
graph of <I>) can be "composed" to obtain a generating family for ^{C). 

We now outline Chekanov's composition formula, partly for the reader's 
convenience, and partly to note the changes necessary to adjust his proof 
— in which the generating family F{t, x, rj) was assumed to be of the form 
tf{x, rj) — to our more general situation. Let r$ C r*(]R4. x R'^) x r*(M+ x 
M^) denote the graph of ^, and let r<j> = a{T^) where a is the symplectic 
embedding given by: 

a : r*(M+ X M'^) x T*(M+ x M^) ^ r*(M^+^ x M+ x R'') 
{t, q, u,p,T,Q,U,P) ^ {u,p,T,Q,t, q, U, P) 

If $ is sufficiently close to the identity, then r$ is the graph of the exact 
1-form dG for a function G : x M+ x ^ M. 

We can now combine F and G to obtain a generating family 

: R+ X R'' X (R+ X R'' X M X M'' X R^) R 

(s, y; r, x, t, q, rj) H> F{t, q, r]) + G{r, x, s, y) 
— rt — xq 

for We emphasize that the fiber variables are now r,x,t,q, and rj. It 

is straightforward to check that K does, indeed, generate ^{C). In order to 
prove that K is part of a compatible triple, however, we need to make some 
adjustments in the spirit of [9, Lemma 5.6]. 

The first adjustment begins by defining constants a and b such that 

(9.2) a<^<b; 

s 

the proof of existence of such a and b is entirely similar to that in Lemma 
5.7]. We now define a function r : R — )• R to be a smooth, non-decreasing 
function with the property that: 



T X 



a/2 X < a/2, 
X a < X < b, 
2b x> 25, 



which then can be used to define 

K'{s,y;r,x,t,q,r]) = F{sT{t/ s), q,r]) + G{r,x,s,y) - rt - xq. 

To see that K' generates the same Lagrangian as K, notice that on the fiber 
critical set of K' , we have drG = t. Thus, in a neighborhood of the fiber 
critical set, we have a < t/ s < b, so ST{t/s) = t, and hence K = K' . 
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The second adjustment uses the fiber- preserving diffeomorphism 

/3{s, y; r, x, t, q, rj) = (s, y; r, sx, st, q, r]/T{t)), 

with K" = K' o p. The function K" clearly still generates C. Outside of a 
compact interval in the M+ coordinate s, where F(t,q,T]) = tf±{q,r]) and, 
as noted in jSi Proposition 5.5], G{r, sx, s,y) is of the form sg±{r,x,y), we 
see that 

K"{s,y;r,x,t,q,r]) = s{T{t)f±{q,r]/T{t)) +g±{r,x,y) - rt - xq). 

Letting k± be the functions in the parentheses, we see that {K",k-,k+) is 
a compatible triple of generating families of ^(C). Note that outside of a 
compact set, the linear term in rj of k± agrees with that of f±. 

It remains to show that the triple {K" ,k^,k^) is tame, i.e. that K" is 
slicewise linear at infinity. Suppose that for each s £ M+, F is equal to the 
linear function As(ri). If we can show that the quantity 

B{s) = \\K" 7-rAsrit){v) + rt + xq\\oo 

(9.3) ^^'^ 



< \\F{sT{t),q,ri/T{t)) 



1 . 

r(t) 



+ \\G{r, sx,s,': 



is bounded above for each fixed s, then a slicewise application of Fuchs and 
Rutherford's proof of Lemma 3.9, together with Lemma 3.8, shows that K" 
is equivalent to a slicewise linear-at-infinity generating family. 

To show that the quantity B{s) in (9.3) is bounded for each fixed s, we 
begin by noting that since G generates a slicewise compactly supported sym- 
plectomorphism, it must be constant outside of a compact set in each slice 
and hence the second term in (9.3) is bounded. For each fixed t, the fact 
that F is slicewise linear-at-infinity shows that if q or r] grow large, then 
F{sT{t),q,rj/T{t)) agrees with :^Ag^(^f^{r]). Finally, if t lies outside a com- 
pact set inM+, then r(t) becomes constant, and hence ||F(sr(t), g, ry/r(t)) — 
;^AsT-(()(??)||oo is uniformly bounded for all t. □ 



Proof of the Commutativity of (9.1). Let C denote the image of (j)^{L) in 
T*(M+ X M). We may assume that there is a 1-parameter family of tame, 
compatible generating families for (£ , (A_), k^(A+)) . Con- 

struct A* from F^ and a 1-parameter family of shearing functions in 
7^ (£ ) so that the values t± are fixed for all s. Finally, choose 1-parameter 
families i7(s) and /x(s) satisfying Inequalities (4.4). As in Inequalities (4.8), 
choose v± so that 



for all t < V-, 
for all t > v^. 



As noted after Corollary 3.16, the isomorphisms (k^)* are constructed 



by applying the Critical Non- Crossing Lemma 2.4 to the difference functions 
(5^. In particular, the maps k^ underlying (k^)* are simply compositions 
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of positive and negative gradient flows of finitely many 6^ functions. In 
this proof, we think of the gradients V(5^ as projections of the gradients 
VA^ restricted to t = t±. This allows us to extend A;i to a map /c* on 
(A*)[^ U (A*)|^ by looking at flows of the projections of VA'^ to each 
constant t slice. We can therefore form the map 



which is clearly homotopic to if^p- The commutativity of the diagram (9.1) 



follows. □ 

The final TQFT-like property that we will explore is functoriality, i.e. the 
behavior of the cobordism map under the gluing of cobordisms. In order 
to state the functoriality property, we begin by specifying what it means to 
glue together two generating families with matching end behavior. 

Definition 9.5. Two compatible triples of generating families (F^,/!,/^) 
and (F^, fl, fl) are composable if f\ ^ fl. 

Given two composable triples, after applying stabilizations and fiber- 
preserving diffeomorphisms to and F'^ , we can assume that f\_ = ft- Let 



t\. and t\ be as in Definition 4.4 , and choose any /> > so that tt+p>t\_ 
Then define: 



Fi#,F2(t,x,r?) 



' F^{t,x,i]), t<ti+p 
F^{t- p,x,ri), t>tl+p. 



It is not hard to see that if, for i = 1,2, we have Lagrangian cobordisms 
(AL,/i) ^(j.,,,) (AV,/|), and if iF\f_,fl) and {F\f_,fl) are com- 

posable, then {F^^pF'^ , f^, f'^) is a tame, compatible triple of generating 
families for the cobordism AL ^7-1 „ 7-2 Ai, where C #pC denotes the glued 
Lagrangian which agrees with the image of Ai when t < and with the 
image of A^ when t + p- For H G 7i{F^^pF'^), let A be the associated 
sheared difference function. 

Proposition 9.6 (Functoriality). If{F^j\,v\) and (F^jlJl) are com- 
posable, tame generating families, then: 

In particular, the cobordism map for the glued Lagrangian does not depend 
on p. 



Proof. As usual, choose and p, that satisfy (4.4), v± that satisf y (|4 .8[), 
and, for simplicity, p so that tt -\- p = t\. As in the proof of Lemma 



8.7 



we 



concentrate on the interval [ti ,t'^ + p]. Recall that the map 

i^F : (Af,,},Af,^p ^ (Af,_^ U Af_^,^,, Af__,_^j) 

is defined by following the negative gradient flow of A until the first point 
at which the flowline intersects A^ or {t-} x M x M?^ . If we let ippi be 
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Figure 9. Any Legendrian knot that is topologically a neg- 
ative twist knot, Km with m < 2 , is isotopic to one of the 
pictured knots, where the rectangle contains k = \m + 2\ 
negative half twists each of which is of type or . 



the map ipp^ whose domain has been expanded to be the pair {A^ i , U 
A|^i ^2_j.p]5^|^i t2^p])) then the description of the tpp maps above easily 
implies that 

(9.4) %l)pl^p2 = '4>pl O %l)p2. 

The rest of the proof is completely analogous to that of Lemma 8.7 □ 

10. Examples and Open Questions 
In this section, we give a number of applications of some of the main 



theorems of this paper. Some of these results are stated in Theorem 1.7 
The following applications fall in the general categories of negative twist 
knots, higher dimensional Legendrians, and Legendrians with non-equivalent 
generating families. 

Throughout this section, we use Z2 coefficients in this section both for ease 
of computation and so as to be able to use Fuchs and Rutherford's afore- 
mentioned connection between generating family homology and linearized 
contact homology in M'^. 

10.1. Negative Twist Knots. Etnyre, Ng, and Vertesi classified Legen- 
drian negative twist knots in up to Legendrian isotopy in [22]. They 
showed that any negative twist knot with maximal Thurston-Bennequin 
number is isotopic to one of the forms pictured in Figure [9} For a fixed twist 
knot, let denote the number of crossings of the form . 

Etnyre, Ng, and Vertesi show that a Legendrian knot that is topologically 
an odd, negative twist knot K^2ri-i is isotopic to one in the form of Figure[9] 
with = n and that the Legendrian isotopy class of the knot is determined 
by z^, where < < n. 

All of these knots possess graded rulings, and hence generating families. 
A straightforward computation of the linearized Legendrian contact homol- 
ogy, followed by an application of Fuchs and Rutherford's theorem [26] . 
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shows that there is a unique generating family cohomology whose Poincare 
polynomial is ~^ + t + t'^^ Thus Corollary 



1.3 



shows that no two 

topologically equivalent odd, negative twist knots are gf-compatibly La- 



grangian cobordant; further, Theorem 1.5 shows that none of them possess 



a gf-compatible Lagrangian filling. Note that only the latter result can be 



derived from classical invariants via Corollary 1.2 

For a Legendrian knot of maximal Thurston-Bennequin invariant that is 
topologically K-2n, the classification of [22j is somewhat different. These 
knots are determined by the pair {z+,z-), subject to the unique relation 
that ~ -f^(n-i-2+,n-i-2-)- III this case, arguments as above yield a 

unique generating family cohomology whose Poincare polynomial is: 

^-2(z++z-+l-n) _|_ ^ _|_ ^2(z++z-+l-n) 



Thus, Corollary 1.3 shows that if + Zq z^ + z^ , then there is no gf- 



compatible Lagrangian cobordism between K,+ and K,+ ^-n. Further, 

v^O ' ' }• 1 ' 1 ' 



Theorem 1.5 (but not the classical information in Corollary 1.2) implies that 
a negative even twist knot can only have a gf-compatible Lagrangian filling 
z~^ + z~ = n — 1. 

This argument does leave an open question, however: 

Open Question. If Zq +Zq = zf + Zi , is there a gf-compatible Lagrangian 
concordance from one of these knots to the other? In particular, there 
are two non-equivalent Legendrian representatives of K-q = m{72) with 
maximal Thurston-Bennequin invariant that both have generating family 
polynomial 2 + t; see, for example, [llj. Are they Lagrangian cobordant? 

We suspect that the answer is "no" since Etnyre, Ng, and Vertesi dis- 
tinguished these knots using the contact element in Heegaard-Floer knot 
homology, which itself should be an invariant of Lagrangian cobordism. See 
also [32]. The open question above may be generalized to: 

Open Question. Do there exist Legendrian twist knots that are Lagrangian 
concordant but not Legendrian isotopic? That is, is the relation of La- 
grangian concordance among twist knots completely determined by Legen- 
drian isotopy? Even smooth concordances between twist knots are a topic 
of current research; see, for example, [29]. 

10.2. Higher Dimensional Legendrians. Next, we move to higher di- 
mensions. We revisit Examples 3.1 and 4.9 of ^18j from a generating family 
perspective in J^M? (though the techniques here apply to n > 2 as well). 
Let Ao be Legendrian sphere whose front diagram is the "flying saucer" of 
Figure [2](a). One may construct a linear-at-infinity generating family for Aq 
by carefully spinning a generating family for the standard unknot in J^M. 
This Legendrian knot has a single Reeb chord of index 2, and hence we have, 
for any generating family /, that its Poincare polynomial is Pf{t) = t^. 

Create another surface Ai as follows; see Figure [2j Squeeze the front of 
Aq along a plane through the origin, producing a dumbbell shape as shown 



LAGRANGIAN COBORDISMS BETWEEN LEGENDRIANS 



53 



in Figure [2j The region between the tubes can be stretched into a tube. 
Finally, make the tube into a helical shape so that in the resulting front, 
the dumbbell ends are overlapping. It is not hard to explicitly construct a 
generating family / : x M — ^ M for Ai. Further, [18l Prop 4.10] shows 
that Aq and Ai have the same classical invariants. 

In [18], the authors compute that Ai is Legendrian isotopic to a surface 
with seven Reeb chords with the following gradings: 

\a\ = \b\ = \c\ = 2, 

|d| = l, 

|e| = 0, 

\f\ = \g\ = -i. 

Proposition |3.2| shows that these gradings are the same as those for the 
generating family cohomology. Working over a field, we immediately see 



that dimGH ^(/) > 0. We conclude from Theorem 1.1 that there is no 



tame, generating family compatible Lagrangian cobordism between Aq and 



Ai, in either order. Further, by Theorem 1.5 Ai cannot have a generating 
family compatible Lagrangian filling. 

10.3. Legendrians with Non-Equivalent Generating Families. Fi- 
nally, we return to to show how subtle the question of the existence 
of a compatible cobordism can be. 

Let A be the Legendrian knot pictured in Figure [TOj Melvin and Shrestha 
found that the Legendrian contact homology of A (over Z2) has augmen- 
tations ei and 62 with different linearized homologies [31]. Assume, for 
the moment, that there exist generating families /i and /2 for A so that 
the Fuchs- Rutherford isomorphism yields LCH*_{A) ~ GH*{fi), and hence 
that: 

Pf^ (t) = t-i + 4 + 2t and Pf^ {t) = 2 + t. 



Corollary 1.3 implies that there is no gf-compatible concordance between A 



and itself that interpolates between the generating families /i and /2 , while 



Theorem 1.5 shows that only the second generating family can support a 
gf-compatible Lagrangian filling (in fact, a punctured torus). This demon- 
strates the subtlety of the question of existence of gf-compatible cobordisms. 

We now sketch a proof that the generating families /i and /2 do, indeed, 
exist. Beginning with the augmentations ei and 62, the algorithm in 13E\ 



produces both the graded normal rulings in Figure 10 and augmentations 
e'^ and 63 on a diagram of A that has a set of "dips" between every pair 
of adjacent crossings or cusps. On one hand, Fuchs and Rutherford show 
how to construct generating families /i and /2 out of these rulings [2H1 
Section 3]. On the other, the new diagram does not quite yield the DGA 
used in [26] to interpolate between the generating family and linearized 
contact homologies; it is necessary to add in a new dip to the left of the dips 
surrounding each crossing of the original diagram of A that is augmented 



54 



J. SABLOFF AND L. TRAYNOR 




Figure 10. Two graded normal rulings of a Legendrian 
m(82i) knot and the corresponding augmentations of the 
Chekanov-Eliashberg DGA. These rulings may be used to 
construct generating families that cannot be related by a gf- 
compatible concordance. 

by e^. The augmentations on the newly dipped diagrams are obtained by, in 
the language of [30l Section 5.3.2], extending the augmentation by Tij+ij, 
where the associated crossing occurs between the strands j and j + 1 of the 
front diagram. 

The resulting augmentations yield the linearized chain complexes that 
Puchs and Rutherford define whose homology computes both the linearized 
contact homology associated to the ej and the generating family homology 
associated to the fi. 

It is reasonable to conjecture using the constructions of Melvin and Shrestha 
[M] , or alternatively using Sivek's Whitehead double construction [41J, that 
this example is but one of an infinite family of Legendrian knots with two 
— and probably arbitrarily many — non-compatibly-concordant generating 
families. 
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